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About this resource: I teach CIE A Level Further Mathematics, and over the years I found
that there simply weren’t many well-organised, topic-wise resources available for this subject
– it’s a niche A Level with relatively few candidates, so it doesn’t get much attention from
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hundreds of past-paper PDFs. I’ve checked them as carefully as I can, but I’m only human,
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Further Math with Ali Hashir Circular Motion – Mark Scheme

Q1

9231/21, 9231/22 � May/June 2015 � Question 1

↑ Back to contents

Mark scheme.

Find T by equating dv/dt at t = T to 6: 4T − 4 = 6. M1

T = 2.5. A1

Find radial component v2/r of acceleration at t = T : v2/r = (2T 2 − 4T +
3)2/0.25 (M0 if T not given a value).

M1

= (11/2)2 × 4 = 121 m s−2. SR: Max M1 (1/4) if linear and angular confused. A1

Total: 4

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Further Math with Ali Hashir Circular Motion – Mark Scheme

Q2

9231/21, 9231/22 � May/June 2015 � Question 3

↑ Back to contents

Mark scheme.

Find v2 from conservation of energy: 1
2mv2 = 1

2mu2 +mga(1− cos θ). M1

as above. A1

Find R by using F = ma radially: R = mg cos θ −mv2/a. B1

Eliminate v2 to find R (AG). M1

R = mg(3 cos θ − 2)−mu2/a. A1

Find u2 or v2 in terms of cos θ when R = 0: u2 = ag(3 cos θ−2) or v2 = ag cos θ. B1

EITHER: replace cos θ in energy eqn with v = 2u: 4u2 = u2+2ag− 2
3(u

2+2ag);
OR: find cos θ and substitute in energy eqn: cos θ = 8/11, 4u2 = u2 + 2ag(1−
8/11).

M1

as above. A1

Hence find u: u =
√
2ag/11 or 0.426

√
ag. A1

Total: 9

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q3

9231/21, 9231/22, 9231/23 � October/November 2015 � Question 4

↑ Back to contents

Mark scheme.

T = mu2/a − mg at the top (from F = ma vertically), or via energy: T ′ =
mu2/a+mg(2− 3 cos θ).

B1

Requiring T ≥ 0 at top gives umin =
√
ag (A.G.). B1

Find v at bottom from conservation of energy: 1
2mv2 = 1

2mu2 + mg × 2a, so
v =
√
5ag.

M1A1

Find new speed V from conservation of momentum: m′V = mv with m′ =
m+ 1

4m, giving V = 4
5

√
5ag.

M1A1

Find w2 at angle θ from conservation of energy: 1
2m

′w2 = 1
2m

′V 2 −m′ga(1 +
cos θ).

M1A1

T ′ = m′w2/a−m′g cos θ. B1

Eliminate w2: T ′ = m′V 2/a−m′g(2 + 3 cos θ). A1

Substitute for m′, V : T ′ = (5mg/4)(6/5 − 3 cos θ), i.e. T ′ = 3mg/2 −
(15/4)mg cos θ.

A1

String slack when T ′ = 0: cos θ = 1
3 ×

6
5 = 2/5 or 0.4. M1A1

Total: 13

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q4

9231/21, 9231/22 � May/June 2016 � Question 4

↑ Back to contents

Mark scheme.

Find v2 at A from conservation of energy: 1
2mv2 = 1

2mu2 −mga(1 + cos θ) M1 A1

Use F = ma radially at A with R = 0: mv2/a = mg cos θ B1

Use v2 = 3ag/5 and eliminate cos θ to find u: cos θ = 3/5, u2 = v2 + 2ag(1 +
cos θ) = 19ag/5, u =

√
19ag/5 or 1.95

√
ag

M1 A1

Find vertical component of speed at A: V = v sin θ [= 4v/5] M1

Find greatest height hA reached above A: hA = V 2/2g = 24a/125 or 0.192a M1 A1

Find greatest height hO reached above O: hO = hA + a cos θ = 99a/125 or
0.792a

M1 A1

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q5

9231/23 � May/June 2016 � Question 1

↑ Back to contents

Mark scheme.

Relate u2, v2 at lowest and highest points by energy: 1
2mv2 = 1

2mu2 −
2mga [v2 = u2 − 4ag]

B1

Find tension T1 at lowest point by F = ma: T1 = mu2/a+mg B1

Find tension T2 at highest point by F = ma: T2 = mv2/a−mg B1

EITHER: Relate u2, v2 using T1 = 2T2: 2v
2 = u2 + 3ag M1

Eliminate v2 to find u: u =
√
11ag M1 A1

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q6

9231/23 � May/June 2016 � Question 3

↑ Back to contents

Mark scheme.

Find c by equating transverse acceleration to 2 at t = 3: 2× 3 + c = 2, c = −4 M1 A1

EITHER: Find radial force at t = 3: FR = 0.2(32+3c+ d)2/0.5 [= 0.4(d− 3)2] M1 A1

Find transverse force at t = 3 by F = ma B1

Equate F 2
T + F 2

R to {(2
√
17)/5}2: 0.42 + 0.42(32 + 3c + d)4 = 68/25 [F 2

R =
2.56, FR = 1.6]

M1 A1

Find d by solving with c = −4: (32 + 3c + d)4 = 17 − 1 = 16 ⇒ (d − 3)2 = 4,
d = 1 or 5

A1

Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q7

9231/21, 9231/22, 9231/23 � October/November 2016 � Question 4

↑ Back to contents

Mark scheme.

(i)

Find v21 at lowest point from conservation of energy: 1
2mv21 = 1

2mu2 + 2mga M1 A1

Verify new v2 from conservation of momentum: Mv2 = mv1 withM = (λ+1)m,

v2 = v1/(λ+ 1) = {5/(λ+ 1)}
√
(13ag) A.G.

M1 A1

(ii)

Use F = ma radially at slack point with T = 0: Mv23/a = Mg cos θ (θ is angle
of string with upward vertical)

B1

Find v23 at slack point from conservation of energy: 1
2Mv23 = 1

2Mv22−Mg(4a/3)
(SR: lose max 1 mark if mass is m in either equation)

M1 A1

Eliminate v23 [= ag/3] using cos θ = 1
3 : ag/3 = v22 − 8ag/3 M1

Substitute for v2 to find λ: 3ag = {25/(λ + 1)2}ag/3, (λ + 1)2 = 25/9, λ = 2
3

[rejecting −8/3]
M1 A1

(iii)

Use F = ma radially just before collision: T1 = mv21/a+mg [= (25/3+1)mg =
28mg/3]

B1

Use F = ma radially just after collision: T2 = Mv22/a+Mg [= (3+1)(5m/3)g =
20mg/3]

B1

Find change in tension (either sign, AEF): (25mg/3){λ/(λ+1)}−λmg = 8mg/3
or 2.67mg

A1 A1

Total: 14

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q8

9231/21, 9231/22 � May/June 2017 � Question 5

↑ Back to contents

Mark scheme.

Verify v1 for string horizontal by conservation of energy: v21 = ag + 2ag cosα,
v1 =

√
(ag(1 + 2 cosα)) (AG). (ii)

M1,A1

TA = mg(1− cosα) from radial equation of motion at A. M1,A1

Find v22 at C by conservation of energy. M1,A1

v22 = ag(13 + 2 cosα). A1

TC = 3mg cosα. M1,A1

Find cosα from TA = TC . M1,A1

cosα = 1
4 . A1

Total: 12

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q9

9231/23 � May/June 2017 � Question 5

↑ Back to contents

Mark scheme.

Verify v by conservation of energy (A0 if no m): 1
2mv2 = 1

2mu2 +mga(cosα+
sinα), v2 = u2 + 2ag(4/5 + 3/5) = u2 + 14ag/5 (AG). (ii)

M1,A1

Find tension TP at P using F = ma: TP = mu2/a−mg cosα. B1

Find tension TQ at Q using F = ma: TQ = mv2/a+mg sinα. B1

Relate u2, v2 using TQ = 2TP (A0 if required eqn omitted): v2 = 2u2 −
ag(2 cosα+ sinα) = 2u2 − 11ag/5 (AEF).

M1,A1

Eliminate v2 to find u: u =
√
(5ag) or 2.24

√
(ag) [v2 = 39ag/5]. (iii) A1

Find tension Tmin at top from F = ma radially: Tmin +mg = mV 2/a. B1

Find V 2 at top by conservation of energy: 1
2mV 2 = 1

2mu2 −mga(1− cosα) or
1
2mv2 −mga(1 + sinα).

M1

Combine: [V 2 = (5− 2/5)ag = (39/5− 16/5)ag = 23ag/5]; Tmin = 23mg/5−
mg = 18mg/5 or 3.6mg.

A1

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Further Math with Ali Hashir Circular Motion – Mark Scheme

Q10

9231/21, 9231/22, 9231/23 � October/November 2017 � Question 1

↑ Back to contents

Mark scheme.

Find p by equating transverse acceleration to 0 at t = 2: −p+2t = 0, so p = 4. M1, A1

Find radial acceleration aR at t = 2 in terms of p from v2/r: aR = (8 − pt +
t2)2/0.8.

M1

Evaluate with p = 4: aR = 42/0.8 = 20. A1

Total: 4

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q11

9231/23 � May/June 2018 � Question 1

↑ Back to contents

Mark scheme.

Find radial acceleration aR at t = 2 from v2/r: aR = (22 − 2 + 2)2/0.8 =
42/0.8 = 20 m s−2

M1 A1

Find transverse acceleration aT at t = 2 by differentiation: aT = 2t − 1 =
3 m s−2

B1

Total: 3

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Further Math with Ali Hashir Circular Motion – Mark Scheme

Q12

9231/23 � May/June 2018 � Question 5

↑ Back to contents

Mark scheme.

Find v21 at the lowest point from conservation of energy: 1
2mv21 = 1

2mu2 +mga M1

v21 = (12 + 2)ag = 14ag A1

Find new v2 from conservation of momentum: Mv2 = mv1 with M = (1+k)m M1

v2 = v1/(1 + k) =
√
14ag/(1 + k) A1

Find tension T1 just before collision using F = ma radially: T1 = mv21/a+mg =
15mg

M1 A1

Find tension T2 just after collision using F = ma radially (needs M , not m,
throughout): T2 = Mv22/a+Mg

M1

= (1 + k)

{
14

(1 + k)2
+ 1

}
mg or

{
14

1 + k
+ (1 + k)

}
mg A1

Equate T2 and 1
2T1: 14 + (1 + k)2 = 15(1 + k)/2 M1

Solve resulting quadratic for k (dependent on all previous M marks, requires
quadratic equation): 2k2 − 11k + 15 = 0, k = 2.5 or k = 3

M1 A1

Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q13

9231/22 � October/November 2018 � Question 3

↑ Back to contents

Mark scheme.

(i)

1
2mv2B = 1

2mu2 −mga(sinα − cosα) [v2B = u2 − (14/13)ag] (find speed vB at
B by conservation of energy, A0 if no m; sinα = 12/13, cosα = 5/13)

M1A1

[TB =]mv2B/a−mg sinα = 0 [v2B = (12/13)ag] (equate tension TB at B to zero
by using F = ma radially)

B1

u2 = (3 sinα− 2 cosα)ag (combine to verify u2) M1

= (36/13− 10/13)ag = 2ag AG A1

EITHER: (ii)

1
2mv2C = 1

2mu2 + mga(1 + cosα) or 1
2mv2B + mga(1 + sinα) [v2C = 62ag/13]

(find v2C at lowest point C by conservation of energy)
M1

Tmax = mv2C/a+mg (find tension Tmax at lowest point from F = ma radially) B1

= 62mg/13 +mg (combine to find Tmax) M1

= 75mg/13 or 5.77mg or 57.7m A1

Total: 9

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q14

9231/21, 9231/22 � May/June 2019 � Question 1

↑ Back to contents

Mark scheme.

Verify radial acceleration aR at t = π/6 from rω2: aR = 2(dθ/dt)2 =
2(2 sin 2t)2 = 2(2 sin(π/3))2

M1

= 2(
√
3)2 = 6ms−2 (AG) (ii) A1

Find transverse acceleration aT at t = π/6 by differentiation: aT = 2d2θ/dt2 =
2(4 cos 2t) = 2(4 cos(π/3))

M1

= 4ms−2 A1

Total: 4

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q15

9231/23 � May/June 2019 � Question 2

↑ Back to contents

Mark scheme.

Find tension TA at A from F = ma radially: TA = mv2A/a − mg cosα =
m(9ag/4)/a−mg cosα

B1

Find tension TB at B from F = ma radially: TB = mv2B/a+mg cosα B1

Apply conservation of energy at B: 1
2mv2B = 1

2mv2A + 2mga cosα, so v2B =
ag(9/4 + 4 cosα)

M1 A1

Combine using TB = 4TA and v2A = 9ag/4: v2B = 4v2A − 5ag cosα = v2A +
4ga cosα

M1

9ag cosα = 3v2A = 27ag/4, so cosα = 3/4 (AG) (ii) A1

Find TB: TB = 4TA = (9− 4 cosα)mg = 6mg (or v2B = 21ag/4, TB = (21/4 +
cosα)mg = 6mg)

M1 A1

Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q16

9231/21, 9231/22, 9231/23 � October/November 2019 � Question 1

↑ Back to contents

Mark scheme.

Equate radial acceleration to 8 at t = T from v2/r: (T − 1)4/2 = 8. M1 A1

Hence find positive value of T (or of T − 1): T = 3 (or T − 1 = 2). A1

Find magnitude of transverse acceleration at t = T : aT = 2(T − 1) = 4 m s−2. M1 A1

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q17

9231/21, 9231/22, 9231/23 � October/November 2019 � Question 4

↑ Back to contents

Mark scheme.

(i)

Use conservation of energy to slack point P1:
1
2mv2 = 1

2mu2 −mga cos θ. M1

Equate tension at P1 to 0 using F = ma: mv2/a −mg cos θ = 0 (A1 if both
equations correct, with m included). AG

M1 A1

Combine to verify cos θ using u =
√
2ag: v2 = 2ag − 2ag cos θ = ag cos θ. M1

cos θ = 2/3. A1

(ii)

Find vertical speed vV at P1: vV = v sin θ =
√
2ag/3 (

√
5/3) or v2V =

(10/27)ag.
M1

Find height risen above P1 by considering vertical motion: h = v2V /2g =
(5/27)a or 0.185a.

M1 A1

Find total height risen above level of O: h+ a cos θ = (23/27)a or 0.852a. A1

Total: 9

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q18

9231/31, 9231/32 � May/June 2020 � Question 2

↑ Back to contents

Mark scheme.

For A: T = 3mg. For B: ↑ T cos θ = mg. M1

Equate: 3mg cos θ = mg ⇒ cos θ =
1

3
. A1

→ T sin θ = mrω2 with r = (a− x) sin θ. M1

Equate: 3mg = m(a− x)ω2. A1

x =
a

4
. A1

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q19

9231/31, 9231/32 � May/June 2020 � Question 7

↑ Back to contents

Mark scheme.

(N+)mg cos θ =
mv2

a
. B1

1

2
mv2 − 1

2
m
7ag

2
= −mg(a+ a cos θ). M1A1

Loses contact when N = 0, so combine and simplify. M1

cos θ =
1

2
: θ = 60◦ (AG). (b) A1

When P is vertically below O, its horizontal displacement is a sin 60◦, so time

T =
a sin 60

v cos 60
= a
√
3/v =

√
6a

g
.

M1

From (a), v2 =
1

2
ag. A1

Vert: h =
v
√
3

2
T − 1

2
gT 2. M1

3

2
a− 3a = −3

2
a. A1

This corresponds to the point A. Alternative method for (b): y = x
√
3 − 4x2

a

[M1A1]; coordinates of A: x =
1

2
a
√
3, y = −3

2
a [B1]; substitute coordinates

into y = x
√
3− 4x2

a
and show that these satisfy this equation [M1A1].

A1

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q20

9231/33 � May/June 2020 � Question 1

↑ Back to contents

Mark scheme.

T = 4mg = maω2 so ω2 =
4g

a
. B1

Time per revolution =
2π

ω
= π

√
a

g
. B1

Total: 2

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q21

9231/33 � May/June 2020 � Question 3

↑ Back to contents

Mark scheme.

TA −mg cos 60 = m.
4ag

a
(so TA =

9

2
mg). B1

TB +mg cos 60 = m.
v2

a
. B1

Energy:
1

2
m(4ag − v2) = mg.2a cos 60; v2 = 2ag. M1A1

TB =
3mg

2
. A1

Ratio is 3 : 1. A1

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q22

9231/31, 9231/33 � October/November 2020 � Question 2

↑ Back to contents

Mark scheme.

At top, tension = 0, so mg =
mv2

a
(v2 = ag) B1

Energy equation: 1
2mv2 = 1

2mu2 −mga(1 + cos θ) M1A1

Substitute for u and v: ag = 16
25 .5ag − 2ag(1 + cos θ) M1

cos θ =
1

10
A1

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q23

9231/31, 9231/33 � October/November 2020 � Question 3

↑ Back to contents

Mark scheme.

Use Hooke’s law: T = 4mg.
ka

a
B1

N2L horizontally: T sin θ =
(mrg

a

)
= m(k + 1)a sin θ.

g

a
(must see T and k) M1

T = mg(k + 1) A1

Equate: k =
1

3
(b) A1

↑ T cos θ = mg M1(
T = 4

3mg
)
cos θ =

mg
4
3mg

=
3

4
A1

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q24

9231/32 � October/November 2020 � Question 1

↑ Back to contents

Mark scheme.

At B, mg cosβ =
mv2

a
: (v2 = ag cosβ) B1

Energy equation with 4 terms and correct dimensions: 1
2mv2 = 1

2mu2 +

mga(cosα− cosβ) giving v2 = 3ga
2 − 2ag cosβ

M1A1

Substitute for u, cosα and v: ag cosβ =
ag

6
+ 2ag

(
2

3
− cosβ

)
M1

cosβ =
1

2
A1

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q25

9231/32 � October/November 2020 � Question 4

↑ Back to contents

Mark scheme.

↑ N cos θ = mg B1

← N sin θ = mr sin θ ω2 B1

cos θ =
mg

N
so cos θ =

g

ω2r
(AG) (b) B1

cos θ =
r − x

r
=

g

ω2r
(must involve x) B1

In new situation: r − 4x = r × g

4ω2r
(using 4x and 2ω) M1

Combining: r − x = 4(r − 4x) M1

x =
1

5
r A1

Total: 7
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Mark scheme.

R cos θ = mg (vertical). B1

R sin θ =
mv2

r
(horizontal). B1

r = a sin θ. B1

8 cos θ = 3
(
1− (cos θ)2

)
(quadratic equation in cos θ). M1

cos θ = 1
3 . A1

x = 2
3a. A1

Total: 6
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Mark scheme.

TA −mg cos θ =
mu2

a
. B1

TB +mg cos θ =
mag

a
. B1

Use TA = 7TB and combine: u2 = ag(7− 8 cos θ). M1

Energy equation: 1
2mu2− 1

2mag = mg(a cos θ+a cos θ), so u2 = ag(4 cos θ+1). M1 A1

Equate expressions for u2. M1

cos θ = 1
2 , θ = 60◦ (CAO). A1

u =
√
3ga (CAO). A1

Total: 8
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Mark scheme.

For B: T = mg (may be embedded). B1

For A: R+ T cos θ = 3mg (all 3 terms, allow sign errors). M1

Use given R to obtain cos θ = 3
5 . (b) A1

T sin θ =
3mv2

r
(may be seen in part (a)). M1

r = AR sin θ. B1

Combine to give AR = 3a
4 , so BR = 1

4a. A1

Total: 6
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Mark scheme.

Energy equation with 2 KE terms and a two-part GPE term: 1
2mu2−1

2m
(
u
2

)2
=

mg(a cos θ + a sin θ), allow cos/sin mix.
M1

3
4u

2 = 2ag(cos θ + sin θ). A1

At B, tension in string is zero, so mg sin θ =
m(u/2)2

a
, i.e. u2 = 4ag sin θ

(N2L).

B1

Eliminate u2. DM1

tan θ = 2 (OE). A1

At A: T −mg cos θ =
mu2

a
(N2L). B1

Substitute to find T =
9
√
5

5
mg (≈ 4.02mg). M1 A1

Total: 8
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Mark scheme.

T =
3mgx

a
(their tensions equated to obtain a quadratic equation, CAO). B1

T =
4mga

3(a+ x)
. B1

9x2 + 9ax− 4a2 = 0 leading to (3x− a)(3x+ 4a) = 0. M1

x =
1

3
a. A1

Total: 4
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Mark scheme.

(a)

At A: TA −mg cos θ = m× 5ag

a
(N2L). B1

At B: TB +mg cos θ = m× v2

a
(N2L). B1

1

2
m×5ag− 1

2
mv2 = mga×2 cos θ (energy equation, correct number of terms). M1

v2 = 5ag − 4ga cos θ (accept multiplied by m and/or divided by a). A1

Use ratio of tensions = 9 : 5, simplify to an expression in cos θ. M1

cos θ =
2

5
(CAO). A1

(b)

Greatest speed at lowest point: −1

2
m×5ag+1

2
mV 2 = mga×(1−cos θ) (energy

equation including lowest point, correct number of terms).

M1

V =

√
31ag

5
(FT their cos θ from part (a)). A1 FT

Total: 8
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Mark scheme.

(a)

T = 3mg and T cos θ = mg (must see both of these separately). M1

Combining, cos θ =
1

3
(at least one step of working, AG). A1

(b)(
cos θ =

a− x

x
, where x = AR

)
: AR =

3

4
a or BR =

1

4
a or radius =

a√
2(

sin θ =

√
8

3

)
.

B1

T sin θ =
mv2

r
. M1

Combining to find an equation in v2, a and g only. DM1

v2 = 2ga, v =
√
2ga. A1

Total: 6
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Mark scheme.

(a)

Coordinates of A: x = a sin 60, y = a− a cos 60. B1

a

2
=

a
√
3

2

√
3 −

g
(
a
√
3

2

)2
2V 2 · 14

(substitute their (x, y) into correct trajectory equa-

tion).

M1

Rearrange to find V 2. M1

V 2 =
3

2
ag, V =

√
3

2
ag. A1

(b)

1

2
mu2 − 1

2
mV 2 = mga(1 + cos 60) (energy equation). M1

u2 =
9

2
ag (u is the speed at P ). A1

T −mg =
m

a
u2 (N2L). M1

T =
11

2
mg. A1

Total: 8
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Mark scheme.

Energy equation: −1
2mv2 + 1

2m× 3ga = mga(cos θ + cosα). M1 A1

N2L: (T+)mg cos θ =
m

a
v2. B1

Combine to find cos θ: ag cos θ = 3ga− 2ga cos θ − 2ga× 4

5
. M1

cos θ =
7

15
. A1

Total: 5
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Mark scheme.

For A: N2L horizontal, T sin θ = mrω2. M1

Correct expression for radius: r = 3a sin θ. B1

T = m× 3aω2. A1

Similarly, for B: N2L horizontal, T cos θ =
3

4
m× r × k2ω2. M1

T =
3

4
mak2ω2. A1

Equate expressions for T : m× 3aω2 =
3

4
mak2ω2. M1

k2 = 4, k = 2. Alternative method: use T cos θ = mg, T sin θ = mrω2 for
A (M1 N2L horizontal and vertical), r = 3a sin θ (B1), combine to obtain

ω2 =
5

12
×g

a
(A1); similarly for B: T cos θ =

3

4
m×r×k2ω2 (M1), T =

3

4
mak2ω2

(A1), substitute for T and ω2 (M1), k2 = 4, k = 2 (A1).

A1

Total: 7
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Mark scheme.

Energy equation with all necessary terms, GPE terms must be resolved, allow
sin/cos mix, allow sign error: 1

2mv2 − 1
2mu2 = mga(cos θ + cosα).

M1

1
2m(2u)2 − 1

2mu2 = mga(cos θ + cosα) (2u may be substituted later; implied
by 3

2 ×
2
3ag = ga(cos θ + cosα)).

A1

At A: T +mg cos θ =
m

a
u2 (N2L). B1

Also, 10T −mg cosα =
m

a
4u2 (N2L and use of tension 10T ). B1

Use all three (two N2L and energy) equations to find T in terms of m and

g only. Might see 9T − mg(cos θ + cosα) =
3m

a
× 2

3
ga; (cos θ + cosα) = 1;

(10 cos θ + cosα) = 4.

M1

T =
1

3
mg. (b) A1

Substitute back, 10 × 1

3
mg −mg cosα =

4m

a
× 2

3
ga (any appropriate method

to obtain cosα).

M1

cosα =
2

3
. A1

Total: 8
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Mark scheme.

Use F = ma: 20 =
2v2

0.6
OR 20 = 2× 0.6ω2 M1

v2 = 6 OR ω2 =
50

3
A1

FT Number of revolutions per min =
60v

0.6× 2π
OR

60ω

2π
A1

Total: 3
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Mark scheme.

Energy equation: 1
2mv2 − 1

2mu2 = mga cos θ, with kag = 1
3ag + 2ag cos θ B1

N2L at Q: T−mg cos θ =
m

a
v2, so 11

6 mg−mg cos θ = m
a ·kag, i.e.

11
6 −cos θ = k B1

Solve simultaneously. M1

Both values.

k =
4

3
, cos θ =

1

2

(b)

A1

Initial speed (upward) =
√
kag sin θ B1

Use v2 = u2 + 2as: 0 = (
√
kag sin θ)2 − 2gs M1

s = 1
2a A1

FT Height above lowest point = s+ a− a cos θ = 1
2a+ a− 1

2a = a A1

Total: 8
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Mark scheme.

When string goes slack, mg cosβ =
m

a
v2, so v2 = ag cosβ. B1

Energy equation: 1
2m · 3ag −

1
2mv2 = mg(a cosα+ a cosβ) B1

Combine: u2 − ag cosβ = 2ag
(
cosβ + 2

3

)
M1

cosβ =
u2 − 4

3ag

3ag
=

5

9
A1

Total: 4
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Mark scheme.

T =
6

7
mg (may be implied). B1

T sin θ = mrω2 = mh tan θ × ω2 B1

Radius of circle = h tan θ, so ω2 =
6g

7h
cos θ. B1

Second scenario, equivalent result: 9
4ω

2 =
6g

7h
cosα M1

Equate:
6g

7h
cos θ = 4

9 ×
6g

7h
cosα, giving cos θ =

4

9
cosα (AG) (b) A1

First scenario: N + T cos θ = mg; second scenario: 1
2N + T cosα = mg. B1

Equate: mg − 6
7mg cos θ = 2mg − 12

7 mg cosα M1

cosα =
3

4
A1

N =
5

7
mg A1

Total: 9
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Mark scheme.

At B: mg sin θ =
m · 4ag

5a
. Allow cos instead of sin for M1. Do not award until

tension = 0 used. Mass must be seen. No sign error.

M1

sin θ =
4

5
. (b) A1

At A: T −mg cos θ =
mu2

a
. B1

Energy equation with 4 terms, dimensionally correct:
1

2
mu2 − 1

2
m × 4ag

5
=

mga(cos θ + sin θ). Mass must be present, allow sign errors. Must see 1
2 in the

KE terms.

M1 A1

Solve to find T (complete method leading to an expression in mg for T ). M1

T =
21

5
mg (CWO). A1

Total: 7
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Mark scheme.

Hooke’s law: T1 =
λmg

a
(x− a) or T2 =

λmg

a

(
3

4
x− a

)
. B1

Also T1 =
mv2

x
and equate:

mv2

x
=

λmg

a
(x − a), i.e. v2 =

λgx(x− a)

a
.

Dimensionally correct terms.

M1

Similarly:
λmg

(
3x
4 − a

)
a

=
2m
(
1
2v
)2

3
4x

, i.e. v2 =
3λgx

2a

(
3

4
x− a

)
. Must have

1
2v and 3x

4 on the RHS; their dimensionally correct T2.

M1

Equate expressions for v2 and solve for x in terms of a. M1

x = 4a (WWW). [SC B3 for answer of 4a using λ instead of λmg.] (b) A1

λ =
a

xg(x− a)
v2 or λ =

2a

3xg
(
3
4x− a

)v2, and substitute x = 4a, v =
√
12ag

(FT their expression for x).

M1

λ = 1 (CAO). A1

Total: 7
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Mark scheme.

Energy equation, 4 terms, dimensionally correct, mass must be present, allow

sign errors, allow sin in both terms on RHS:
1

2
m · 3ag − 1

2
mv2 = mga(cosα +

cos θ).

M1

N2L: mg cos θ =
mv2

a
(may include tension initially but not awarded until

tension = 0 used).

B1

Dependent on tension = 0 and on an energy equation, eliminate v2:
3

2
mag −

1

2
m · ag cos θ = mga

(
4

5
+ cos θ

)
, i.e.

3

2
cos θ =

7

10
.

M1

cos θ =
7

15
. [If no m in energy equation and no further errors, award SC B2

for correct final answer.]

A1

Total: 4
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Mark scheme.

↑ T cos θ = mg. B1

→ T sin θ =
mv2

r
= m× 27ag

4r
. B1

r = 12a tan θ used. M1

Divide: tan θ =
27

4× 12 tan θ
, so tan θ =

3

4
(finds value for tan θ OE, reduces to

equation in θ or x, no k).

M1

r = 9a, extension of string = 3a. (b) A1

Hooke’s law: T =
kmg(L− 12a)

12a
. B1

Eliminate T :
kmg(L− 12a)

12a
=

mgL

12a
. M1

k =
L

L− 12a
= 5. A1

Total: 8
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Mark scheme.

Angular speeds of P and Q are equal, so
vQ
x

=
vP

3a− x
M1 (a)

vQ =
2x

3a− x

√
ag (AG) A1

For P : T +mg cos 60◦ =
m× 4ag

3a− x
B1 (b)

For Q: T −mg cos 60◦ =
mv2Q
x

B1

Eliminate T : −mg cos 60◦ +
m× 4ag

3a− x
= mg cos 60◦ +

mv2Q
x

M1

m× 4ag

3a− x
= 1 +

mx× 4ag

(3a− x)2
; 4a(3a− x) = (3a− x)2 + 4ax, giving x2 + 2ax− 3a2 = 0 M1

(x− a)(x+ 3a) = 0, x = a A1

Gain in KE of P : 1
2m(4ag − u2); Loss in KE of Q: 1

2m
((

u
2

)2 − v2Q

)
B1 (c)

Loss in GPE of P = mg(3a − x)(1 − cos 60◦) (= mga); Gain in GPE of Q = mgx(1 −
cos 60◦)

(
= 1

2mga
)

B1FT

Energy equation: 1
2m(4ag−u2)− 1

2m
((

u
2

)2 − v2Q

)
= −mgx(1−cos 60◦)+mg(3a−x)(1−

cos 60◦) M1

Simplify: 4ag − 5
4u

2 + ag = ag, giving u2 = 16
5 ag, u = 4

5

√
5ag A1

Total: 11
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Mark scheme.

T cos θ = mg B1

T sin θ =
mv2

a sin θ
B1

Eliminate T and substitute for θ M1

v =
√

5
6ag A1

Total: 4
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Mark scheme.

At A: RA −mg cosα =
mv2A
a

B1 (a)

At B: −RB +mg cos θ =
mv2B
a

B1

Energy: 1
2mv2A −

1
2mv2B = mga(cosα+ cos θ) M1A1

Eliminate velocities, use RB = 1
6RA and substitute angle values: 6RB − 3

5mg + RB −
4
5mg = 2mg × 7

5 M1

RB = 3
5mg A1

From first equation in (a): 6× 3
5mg − 3

5mg =
mv2A
a

M1 (b)

v2A = 3ag, so k = 3 A1

Total: 8
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Mark scheme.

M1: For A: FA − T = m× aω2 (only allow sign errors). (a)

FA = µmg = 1
5mg (accept with g replaced by 10). B1

Combine: T = 1
5mg − 4

25mg (to reach an equation in T and mg only). M1

T =
1

25
mg (CAO). A1

M1: For B: FB + T = km× 2aω2 (only allow sign errors). (b)

FB = µkmg = 1
5kmg and combine to find k. M1

k =
1

3
. A1

Total: 7
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Mark scheme.

B1: Hooke’s law: T =
2mgx

a
(2mgx

a seen anywhere). (a)

T =
mga
2

a− 1
4a+ x

(RHS seen anywhere; may be in terms of radius or extended

length).

B1

Equate:
2mgx

a
=

mga
2

3a
4 + x

, giving 4x2 + 3ax − a2 = 0 (equate two expressions

for T and obtain a simplified homogeneous quadratic equation).

M1

x =
a

4
(single correct answer only). A1

B1: T = kmg seen anywhere in an equation (may be seen in part (a); note that
no response in part (b) can earn B1 if kmg seen in part (a)).

(b)

T =
2mgx

a
, k =

1

2
(CWO; part (a) needs to be correct). B1

Total: 6
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Mark scheme.

B1: At lowest point, T −mg =
mu2

a
(condone r used consistently instead of a

throughout).

(a)

When string makes angle θ with upward vertical, S +mg cos θ =
mv2

a
. B1

Energy:
1

2
mu2 − 1

2
mv2 = mga(1 + cos θ) (must include m; allow sin θ instead

of cos θ for this mark, allow sign errors).

M1

Eliminate u2 and v2 (need to see at least one line of working). M1

S = T − 3mg(1 + cos θ) (AG). A1

M1: When string goes slack, S = 0 so T = 3mg(1+cos θ) (may use v2 = ag cos θ
substituted into energy equation).

(b)

But T = mg +
mu2

a
= mg + 4mg = 5mg, so cos θ =

2

3
. A1

Total: 7
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Mark scheme.

*M1: Energy:
1

2
mu2 =

1

2
mv2−mga(1− cos θ) (m must be present, dimension-

ally correct, no missing terms; allow sin instead of cos; allow sign errors).

(a)

N2L: mg cos θ =
mv2

a
(no reaction when P loses contact). B1

Eliminate v2. DM1

cos θ =
u2 + 2ag

3ag
(AG). A1

*B1: Vertical component of velocity of P when it leaves the sphere: v sin θ =√
55ag

216
(must not come from u).

(b)

V 2 = (v sin θ)2 + 2g × a(1 + cos θ) (use of v2 = u2 + 2as; allow sin θ for cos θ;
allow sign errors).

DM1

V =

√
847ag

216
(AEF). A1

M1: t =
1

g

(√
847ag

216
−
√

55ag

216

)
. (c)

1

6
(
√
847−

√
55)

√
a

6g
= 1.48

√
a

g
. A1

Total: 9
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Mark scheme.

At B: T +mg sin θ =
mv2

a
. B1

Energy A to B: 1
2mu2 − 1

2mv2 = mga(cos θ + sin θ). M1A1

Substitute for u and θ to find T : T = mg
(
5− 2× 4

5 − 3× 3
5

)
. M1

T =
8

5
mg. A1

Total: 5
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Mark scheme.

(a)

At P : T1 cosα = T2 cosβ + 0.05g. B1

At Q: T2 cosβ = 0.04g (OR whole system: T1 cosα = 0.09g). B1

T1 = 0.15g = 1.5N. B1

(b)

T1 sinα− T2 sinβ = 0.05× 0.8ω2 (allow sin/cos mix). M1

T2 sinβ = 0.04× 1.4ω2. M1

T1 sinα = 0.05× 0.8ω2 + 0.04× 1.4ω2, ω2 = 12.5, ω =
5

2

√
2. A1

(c)

T2 cosβ = 0.04g and T2 sinβ = 0.04× 1.4ω2; divide: tanβ =
7

4
(from parts (a)

and (b)).

M1

β = 60.3◦. A1

Total: 8
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Mark scheme.

Hooke’s law: T =
100

0.8
x. B1

N2L: T = 2× (0.8 + x)× 52. B1

Equate and solve: 50(0.8 + x) = 125x, x = 0.533 (=
8

15
). B1

Total: 3
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Mark scheme.

(a)

For P to lowest point L: Energy 1
2mv2 = 1

2mu2 + mga(1 − cos θ), giving
v2 = 28

9 ag − 2ag cos θ.
M1*

From L to string goes slack: Energy 1
2mv2 = 1

2mw2 + 4a
9 mg(1 + cos θ), giving

w2 = 20
9 ag −

26
9 ag cos θ.

M1*

Both equations correct, allow unsimplified. A1

When string goes slack: mg cos θ =
mw2

4a
9

. B1

Equate expressions for w2 to find a value for cos θ. DM1

cos θ =
2

3
. A1

(b)

Tension before: T1 − mg =
mv2

a
; tension after: T2 − mg =

mv2

4
9a

(EITHER

equation, dimensionally correct).

M1

v2 =
16

9
ag, T1 =

25

9
mg, T2 = 5mg (EITHER tension correct). A1

Find the other tension (from a valid equation) and find ratio of tensions. M1

Ratio is 5 : 9. A1

Total: 10
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Mark scheme.

(a)

Use T =
λx

l
to find x: 8 =

32x

2
leading to x = 0.5. M1

Hence |PA| = 2.5 and sinα =
1.5

2.5
= 0.6. (AG, shown convincingly.) A1

(b)

Resolve vertically: R = 1.6g−8 cosα; resolve horizontally: mrω2 = 8 sinα+µR.
(Correct number of terms and signs, dimensionally correct.)

*M1

Both equations correct. A1

Eliminate R: 8
(
3
5

)
+ 0.5

(
1.6g − 8

(
4
5

))
= 1.6× 1.5ω2. DM1

ω2 = 4 leading to ω = 2. A1

Number of revolutions per minute =
60ω

2π
= 19.1 (accept 19). A1

Total: 7
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Mark scheme.

(a)

N2L towards centre at A and B: RA =
mu2

a
; RB =

mv2

a
−mg cos θ. B1

Use RB = 1
2RA:

mu2

2a
=

mv2

a
−mg cos θ leading to v2 = 1

2u
2 + agk. *M1

Energy equation: 1
2mu2 = 1

2mv2 +magk leading to v2 = u2 − 2agk. *M1

Combine N2L and energy equations: 6
5ag − 2agk = 3

5ag + agk. DM1

k = 1
5 . A1

(b)

v2 = 0 leading to u2 = 2
5ag, u =

√
2
5ag (FT their

√
2agk). B1 FT

(c)

Complete method to find v2 using vertical/horizontal motion B to C (must use

2a sin θ, not 2a); FT their k: v2 =
ag

cos θ
(may see v2 = ag

k or v2 = 5ag).

M1

v2 =
ag

cos θ
. A1

Use their energy equation from (a) (v2 = u2 − 2agk), substitute for v2: u2 =
ag

cos θ
+ 2agk.

M1

u2 = 27
5 ag, u =

√
27
5 ag (CAO). A1

Total: 10
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Mark scheme.

Both equations SOI: T cos θ = mg; T sin θ = mω2r. B1

Combine and use r = a sin θ: 5
3mg sin θ = mω2a sin θ (allow sin/cos mix; must

have trig ratio both sides).
M1

ω =

√
5g

3a
(OE, CAO). A1

Total: 3

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 60 Website: www.vectorspace.pk



Further Math with Ali Hashir Circular Motion – Mark Scheme

Q59

9231/33 � May/June 2025 � Question 5

↑ Back to contents

Mark scheme.

(a)

Energy equation, all 3 terms (allow sin/cos and sign errors): 1
2mv2 +

mgr cosα = 1
2m
(
3
2gr
)
, i.e. v2 = 3

2gr − 2gr cosα.
M1

N2L at B: mg cosα =
mv2

r
. B1

Combine to eliminate v: mg cosα = m
(
3
2g − 2g cosα

)
. M1

cosα = 1
2 , α = 60◦. A1

(b)

v2 = 1
2gr (FT their 60◦). B1 FT

0 = (sin 60◦
√
v2)2 − 2gh (allow sign error). M1

h = 3
16r (FT their 60◦ and v2). A1 FT

Total height = 3
16r + r cos 60 = 11

16r. A1

Total: 8
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Mark scheme.

For B: T = mg (must be seen explicitly). B1

For A vertically: R sinα = T cosα +mg (allow sin/cos mix, sign error; allow
mg instead of T ).

*M1

For A horizontally: R cosα+ T sinα = mrω2 (allow sin/cos mix, sign error). *M1

r = h tanα (seen anywhere). B1

Combine equations to find ω2 in terms of g, h only (may see R = 3mg or

R =
mg(1 + cosα)

sinα
).

DM1

ω = 2

√
g

h
. (If T = mg not seen explicitly, max B0 M1 M1 B1 DM1 A0.) A1

Total: 6
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Mark scheme.

Energy, highest to lowest: 1
2mu2 − 1

2mv2 = 2amg, giving v2 = u2 − 4ag (all
terms present, dimensionally correct, allow sign error).

M1

Energy, start (at angle θ) to lowest: 1
2mu2− 1

2m(4ag) = mg(a−a cos θ), giving
u2 = ag(6− 2 cos θ).

M1

Energy, start to highest: 1
2m(4ag) − 1

2mv2 = mg(a + a cos θ), giving v2 =
2ag(1− cos θ) (one fully correct energy equation).

A1

N2L at lowest point: TL −mg =
mu2L
a

(may see TL = mg(7− 2 cos θ)). B1

N2L at highest point: TH +mg =
mv2H
a

(may see TH = mg(1− 2 cos θ), must

use a different speed).

B1

TL = 11TH (SOI, correct way around). B1

Combine to find equation involving cos θ only. M1

cos θ = 1
5 . A1

Total: 8
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Mark scheme.

N2L horizontally and vertically for the first case: N1 cos θ1 = mg, N1 sin θ1 =
m(r sin θ1)ω

2
1 ⇒ 5

4g = rω2
1.

B1

N2L horizontally and vertically for the second case: N2 cos θ2 = mg, N2 sin θ2 =
m(r sin θ2)ω

2
2 ⇒ 5

3g = rω2
2.

B1

Combine to find ratio:
5
4g
5
3g

=
rω2

1

rω2
2

. M1

ω1

ω2
= 1

2

√
3. A1

Total: 4
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Mark scheme.

Dimensionally correct energy equation with a GPE term and two KE terms:
1
2m(17ag) + 3

2mag = 1
2mv2.

M1

v =
√
20ag. (b) A1

Dimensionally correct equation (T = 0 seen or implied):
mV 2

a
= T + mg ⇒

V =
√
ag.

B1

Dimensionally correct energy equation with a GPE term and two KE terms:
1
2mw2

P = 1
2mV 2 + 2mga.

M1

wP =
√
5ag. (c) A1

Momentum conserved (must see masses): mv = kmwQ −mwP . B1

NEL with consistent signs: wP +wQ = ev [= v], OR use conservation of kinetic
energy.

B1

k = 3 (must have e = 1 seen or implied). B1

Total: 8
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Mark scheme.

Both equations (allow sin/cos mix): For A: T = mg; for B vertically: T cos θ =
0.5mg.

M1

Equate and solve for θ, SOI: θ = 60◦. A1

For B horizontally (allow sin/cos mix, allow their stated BR): T sin θ =
0.5m(BR sin θ)ω2.

M1

SOI: BR cos θ = AR [BR = 8a]. B1

AEF in terms of g and a: ω =
1

2

√
g

a
. A1

Total: 5
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Mark scheme.

Accept equality: at top R ≥ 0, so
mw2

a
≥ mg. B1

Energy inequality with correct number of terms and correct dimensions, accept
equality: 1

2mv2 − 1
2mw2 ≥ mga(1− cos θ).

M1

Fully correct energy inequality, accept equality. A1

Substitute for cos θ and w2: 1
2mv2 ≥ 13

9 mga. M1

AG, shown convincingly: v ≥ 1
3

√
26ag. (b) A1

Energy equation with correct number of terms, dimensions and signs (maximum
reaction is at bottom): 1

2mv2 +mga(1 + cos θ) = 1
2mV 2 [V 2 = 5ag].

M1

Rmax −mg =
mV 2

a
. B1

Rmax = 6mg. A1

Total: 8
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Mark scheme.

Correct horizontal equation (allow sin/cos mix): TA cos 45◦ + TB sin 45◦ =
mω2l sin 45◦.

B1

Correct vertical equation (allow sin/cos mix): TA sin 45◦ − TB cos 45◦ = mg. B1

Combine, isolating term in TA: 2TA = mω2l +
√
2mg. M1

AEF: TA = 1
2m(ω2l +

√
2g). A1

Total: 4
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Mark scheme.

One energy equation, all terms present (A to ground): 1
2mu2 + 2mga =

1
2m(3u)2 ⇒ u2 = 1

2ga.
*M1

Second energy equation, all terms present (A to B and B to ground). *M1

At least one correct energy equation involving cos θ: v2 = u2 + 2ag(1− cos θ);
v2 = 9u2 − 2ag(1 + cos θ).

A1

N2L at B: mg cos θ =
mv2

a
⇒ v2 = ag cos θ. B1

Eliminate u and v: ga cos θ = 1
2ga+ 2ag(1− cos θ). DM1

cos θ = 5
6 . A1

A complete method to find β: horizontally at ground, v cos θ = 3u cosβ. M1

β = 69.0◦. A1

Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Help us improve these documents for future students. If you spot a mistake, email us at

vectorspacepk@gmail.com.

Written by Ali Hashir.

Questions available in the companion questions booklet.

Instagram: @vectorspacepk

Website: www.vectorspace.pk

Instagram: @vectorspacepk 69 Website: www.vectorspace.pk


