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Further Math with Ali Hashir
Integration
Topical Questions (CIE 9231)

Compiled from CIE 9231 Further Mathematics past papers (2015-2025), sorted by topic. Each
question is numbered for this booklet, with its original paper code and session shown beneath.

About this resource: 1 teach CIE A Level Further Mathematics, and over the years I found
that there simply weren’t many well-organised, topic-wise resources available for this subject
— it’s a niche A Level with relatively few candidates, so it doesn’t get much attention from
resource makers. These topical booklets are my attempt to fix that: every past-paper
question, sorted by topic, with its official mark scheme alongside it.

Help us improve these documents for future students. If you spot a mistake, email us at
vectorspacepk@gmail.com.

What kind of mistakes might you find? These booklets are compiled by hand from
hundreds of past-paper PDF's. I've checked them as carefully as I can, but I'm only human,
and the odd error may have slipped through — so please help me catch what I missed. Things
to look out for:

e Spelling or typing mistakes

e Wrong final answers

e A mark scheme that doesn’t line up with its question (misaligned pages)

e A mark scheme that belongs to the wrong question entirely

e Pre-2020 questions that are technically out of the current syllabus (the syllabus changed
in 2020, but some older questions are still included here for practice)

e Missing, extra, or wrongly-labelled marks (e.g. an M1 or A1l that shouldn’t be there, or
one that’s missing)

e Diagrams or images that are unclear, missing, or don’t match the question

e Questions placed under the wrong topic

If you spot any of these (or anything else that looks off), please let me know.

This is Version 1 of this booklet. As readers point out errors, I'll keep correcting and
improving these documents, so I'd recommend checking back on the website from time to
time and using the latest version rather than relying on a saved copy.

If you think these documents brought you value, consider following me on social media — it helps more
than you’d think.
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o9 Further Math with Ali Hashir Integration — Questions

Q1

9231/11, 9231/12 e May/June 2015 e Question 7

Let I, :/
0

™
2" sin x dz, where n is a non-negative integer. Show that

N

I,=n (%77)"_1 —n(n—1I,—o, forn>2.

Find the exact value of 1.
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Q2

9231/13 @ May/June 2015 e Question 5

1

2™ sin 2n#

Let I, = / df, where n is a non-negative integer.
0 cos 6

(i) Use the identity sin P + sin @ = 2sin 3(P + Q) cos 3 (P — Q) to show that

2
I,+ 1,1 = ——, for all positive integers n.
2n —1
[5]
27 sin 80
(ii) Find the exact value of / POV 4. [4]
o cosf
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Q3

9231/11, 9231/12 e May/June 2015 o Question 9

The curve C' has parametric equations
=4t 23, y=4t—2t3, for0<t <4

Find the arc length of C, giving your answer correct to 3 significant figures. 6]
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Q4

9231/11, 9231/12 e May/June 2016 o Question 5

1
§TI'
Let I, = / cos™ xsin? x dx, for n > 0. By differentiating cos™ ! z sin® z with respect to
0

x, prove that
n+2),=(n—1)I,—o forn>2.

Hence find the exact value of 4. [4]
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Q5

9231/11, 9231/12 e May/June 2016 o Question 11

A curve C has parametric equations

z=e?cos2t, y=e*sin2t, for — %w <t< %w.

Find the arc length of C. 6]
Find the area of the surface generated when C is rotated through 27 radians about the
x-axis. 8]
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Q6

Integration — Questions

9231/13 @ May/June 2016 e Question 4

The curve C' has equation y = —In(1 — 2?) for — <z < % Show that

1+ (
7

may be expressed in the form

2

Show further that 1tz
1— 22

and R are constants to be determined.

Find the exact arc length of C.
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2]

+ R, where P, Q)
2]

[4]
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Q7

9231/13 @ May/June 2016 ¢ Question 6

2
d
Let I, = / x"(4 — xz)% dz, for n > 1. By considering I {x"(4 - :1:2)%}, show that
0

(n+3)I+1 =4nl,—1, wheren > 2.

[4]

Find the value of I; and deduce the exact value of Is. [4]
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Q8

9231/11, 9231/12, 9231/13 @ October/November 2016 e Question 9

5T
Evaluate / * rsinzde. 2]
0
e
Given that I, = / 2" sin z dz, prove that, for n > 1,
0
I,=n (%ﬂ)n_l —n(n —1)I_9.
[4]
By first using the substitution # = cos™! u, find the value of
1
/ (Cos_1 u)3 du,
0
[5]

giving your answer in an exact form.
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Q9

9231/11, 9231/12 e May/June 2017 o Question 6

™

Let I, = / 2" sin z dx.
0

N

(i) Prove that, for n > 2,
Li+nn—1)I,2=n (%n)n_l .

(ii) Calculate the exact value of I; and deduce the exact value of Is. (3]
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o9 Further Math with Ali Hashir Integration — Questions

Q10

9231/13 @ May/June 2017 e Question 5

A curve C has parametric equations
=23 —23, y=15%3, forl<t<4

(i) Find the exact value of the arc length of C. [5]

(ii) Find also the exact value of the surface area generated when C' is rotated through 2w
radians about the z-axis. 3]
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Q11

9231/13 @ May/June 2017 e Question 6

2
Let I, denote / (4 + %) " da.
0

d
(i) Find e (z(4 4 2?)™") and hence show that
8l = (2n — 1), +2 x 8™

[5]

1
(ii) Use the result for integrating P with respect to x, in the List of Formulae (MF10),
22 +a
to find the value of I; and deduce that

— 3 1
I3 = 1o53m + 135
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Q12

9231/11, 9231/12, 9231/13 @ October/November 2017 o Question 8

™

Let I, = / sec” xdx for n > 0.
0

A

(i) Find the value of Is. 2]

(ii) Show that, for n > 2,
(n— DI, = 22" 4 (n— 2) .
[5]

(iii) The curve C has equation y = sec®z for 0 < x < }177. The region R is bounded by C,
the z-axis, the y-axis and the line x = 41177' Find the volume of revolution generated

when R is rotated through 27 radians about the z-axis. [4]
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Q13

9231/11, 9231/12 e May/June 2018 o Question 1

The curve C' is defined parametrically by
z=e —t, y:4e%t.

Find the length of the arc of C' from the point where ¢ = 0 to the point where t =3.  [5]
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Q14

9231/11, 9231/12 e May/June 2018 o Question 9

(i) Using the substitution u = tanz, or otherwise, find / sec? z tan® z du. 2]

It is given that, for n > 0,
1
Zﬂ-
I, = / sec” z tan? z dz.
0

d
(ii) Using the result that d—(sec x) = tan x sec z, show that, for n > 2,
x

(n+ 1)1, = (\/i)n 4 (1 — 2)Ins.
[5]
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Q15

9231/11, 9231/13 e October/November 2018 o Question 4

A curve is defined parametrically by
_ 1 - I 2
r=t—5sin2t and y=sin"t.

The arc of the curve joining the point where ¢ = 0 to the point where ¢t = 7 is rotated
through one complete revolution about the z-axis. The area of the surface generated is
denoted by S.

(i) Show that
Sk= aﬂ/ sin® ¢ dt,
0

where the constant a is to be found. [5]

(ii) Using the result sin3t = 3sint — 4sin®¢, find the exact value of S. [3]
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Q16

9231/11, 9231/13 e October/November 2018 o Question 11

The curve C' has equation
2 + 2y =9 — 2.

(i) Show that A(—1,1) is the only point on C' with z-coordinate equal to —1. 2]
d™y .
For n > 1, let A,, denote the value of T at the point A(—1,1).
(ii) Show that A; = 0. 3]
(iii) Show that A = 2. 3]
0
dn
Let I,, = / " —=dzx.
—1 dxn

(iv) Show that for n > 2,
In = (—1)n+1An,1 - n[nfl.

(v) Deduce the value of I3 in terms of I. 2]
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Q17

9231/12 e October/November 2018 o Question 11

V2
Let I, = / (2% — 1)"dz.
1

(i) Show that, for n > 1,
(2n + 1)1, = V2 — 2nI,_;.

[5]
(ii) Using the substitution = = sec, show that
1y
I, = / tan?" 1 9 sec 6 d6.
0
[4]
(iii) Deduce the exact value of
/ Y sinZG 0.
o cos®f
[5]
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Q18

9231/11, 9231/12 e May/June 2019 e Question 4

It is given that, for n > 0,
1
I, :/ "¢ dz.
0
. 1
(i) Show that Iy = g(e —1). 2]
(ii) Show that, for n > 3,

3In =€ — (TL - 2)In_3.

(iii) Hence find the exact value of Ig.
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Q19

9231/11, 9231/12 e May/June 2019 e Question 5

A curve C is defined parametrically by

for 0 < ¢t < 1. The area of the surface generated when C' is rotated through 27 radians
about the x-axis is denoted by S.

oot _ ot

(i) Show that S = 4r / e g 5
0o (et +e7?)

(i) Using the substitution u = e + e, or otherwise, find S in terms of 7 and e. 3]
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Q20

9231/13 @ May/June 2019 e Question 10

™

Let I, = / cot™ z dz, where n > 0.

1
Zﬂ-

N

d
By considering P (cot”Jrl :c), or otherwise, show that

1
n-+1

In+2 = n-

[5]
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Q21

9231/11, 9231/12, 9231/13 @ October/November 2019 o Question 3

The integral I,,, where n is a positive integer, is defined by

1
In:/ " sinmz dx.
1

2

(i) Show that
nn+1)I,4o = " Hn + 1 — 721,

(ii) Find I5 in terms of 7 and I;.
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Q22

9231/21, 9231/22 e May/June 2020 e Question 4

The diagram shows the curve with equation y = 22 for 0 < < 1, together with a set of n

1
rectangles of width —.
n

(a) By considering the sum of the areas of these rectangles, show that

1 2
2n2 4 3n + 1
/ Py < 20T EL
0 6n

1
(b) Use a similar method to find, in terms of n, a lower bound for / z? dz. [4]
0
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Q23

9231/21, 9231/22 e May/June 2020 e Question 6

(NI

1
The integral I,,, where n is an integer, is defined by I,, = / (1 — a;2) 2" da.
0

(a) Find the exact value of I;. 2]
(b) By considering % (:c (1- $2)_%n), or otherwise, show that
nlppe = 2713727 4 (n — 1)1,
[5]

(c) Find the exact value of I5 giving the answer in the form k+/3, where k is a rational
number to be determined. 3]
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Q24

Integration — Questions

9231/23 e May/June 2020 e Question 2

1
Let I, = / (1 + 3x)"e 3% dz, where n is an integer.
0

n— 41— e n—1-
(a) Show that 31, = 1 —4"e~3 + 3nl

(b) Find the exact value of I.
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Q25

9231/23 e May/June 2020 o Question 4

The diagram shows the curve with equation y = Inz for x > 1, together with a set of (N —1)
rectangles of unit width.

(a) By considering the sum of the areas of these rectangles, show that
InN!'> NInN — N + 1.
[5]

(b) Use a similar method to find, in terms of N, an upper bound for In N!. 3]
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Q26

Integration — Questions

9231/23 @ May/June 2020 e Question 5

The curve C' has parametric equations

z =1t —Int, y=2t+1,

(a) Find the exact length of C.

2

(b) Find d_z in terms of ¢, simplifying your answer.
i
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Q27

9231/21, 9231/23 e October/November 2020 o Question 4

The diagram shows the curve with equation y =1 — W for0<z < 1, together with a set

1
of n rectangles of width —.
n

S|—}--mm
S DN fmmmmmmmm e e e e

(a) By considering the sum of the areas of the rectangles, show that

1 2
3n“+2n—1
3
fa-ea < ==

[4]

1
(b) Use a similar method to find, in terms of n, a lower bound for / (1—23)dz. [4]
0
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Q28

9231/22 e October/November 2020 o Question 8

1
The diagram shows the curve y = ————= for x > 0, together with a set of n rectangles
Va4 +1

of unit width.

By considering the sum of the areas of these rectangles, show that

1 2 2
s+on+ < n2+n+1).

g 1
——<In
;\/734—7“—1—1 (3 3 3
[10]
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Q29

9231/21, 9231/22 e May/June 2021 o Question 3

The diagram shows the curve with equation y = 3 for 0 < x < 1, together with a set of n

rectangles of width —.
n

>

1
(a) By considering the sum of the areas of these rectangles, show that / 23 dz < U, where
0

n—+1 2
L

[4]
1

(b) Use a similar method to find, in terms of n, a lower bound L,, for / 23 d. 4]
0

(c) Find the least value of n such that U,, — L, < 1073, 2]
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Q30

9231/23 @ May/June 2021 e Question 3

The diagram shows the curve y =

of unit width.

% for x > 1, together with a set of N — 1 rectangles
) —

»<

(a) By considering the sum of the areas of these rectangles, show that

N
r 1 2
;27»2—1 <lm@eN?-1)+1
[7]
Yooy
(b) Use a similar method to find, in terms of N, a lower bound for Z 57 1" 3]
r=1
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Q31

9231/23 @ May/June 2021 e Question 7

w

5 1
The integral I,,, where n is an integer, is defined by I,, = / i (4 + x2) 2" da.
0

(a) Find the exact value of I;, expressing your answer in logarithmic form. 3]
d _1
(b) By considering e (CL‘ (4 + z?) Qn), or otherwise, show that

X

dnlpis =3 (2)" + (n— DI,

(c) Find the value of I5. 3]
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Q32

9231/21, 9231/23 e October/November 2021 o Question 4

Inz
The diagram shows the curve with equation y = —5- for z > 2, together with a set of
95

(N — 2) rectangles of unit width.

(a) By considering the sum of the areas of these rectangles, show that

zN:hl_r _2+3m2 1+hN
2 4 N
r=1
[7]
o . Inr
(b) Use a similar method to find, in terms of N, a lower bound for Z —o 3]
T

r=1
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Q33

9231/22 e October/November 2021 o Question 3

The diagram shows the curve with equation y = 1 — 2for0<z< 1, together with a set

1
of n rectangles of width —.

!
X

(a) By considering the sum of the areas of the rectangles, show that

1 2
dn®+3n—1
2

[4]

1
(b) Use a similar method to find, in terms of n, a lower bound for / (1—2?)da. [4]
0
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Q34

9231/22 e October/November 2021 o Question 5(a)

The curve C' has parametric equations

z=3t+ 2t + at?, y=4t— 371+ bt?, for1 <t <2,

where a and b are constants.

N[

(a) It is given that a = 2 and b= —1.

de\* | [dy)\?
Show that (d—f> (d_g;) = 2(12 +¢72)? and find the exact length of C.
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Q35

9231/22 e October/November 2021 o Question 8(c)(d)

In3
It is given that, for n > 0, I, = / sech” z tanh? z dz.
0

(c¢) Show that, for n > 2,

d
[You may use the result that d—(sech x) = — tanh z sech x.]
7

(d) Find the value of I4. 3]
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Q36

9231/21, 9231/22 e May/June 2022 o Question 1

The curve C has polar equation r = e1? for 0 <0<

Given that the length of C'is s, find « in terms of s. [5]
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Q37

9231/21, 9231/22 e May/June 2022 o Question 4

The diagram shows the curve with equation y = 2% for 0 < x < 1, together with a set of N
rectangles each of width %

=~
P L R it
v

1
(a) By considering the sum of the areas of these rectangles, show that / 2% dx < Uy, where
0

1
2N
Un = -
N (2% - 1)

[4]

1
(b) Use a similar method to find, in terms of N, a lower bound Ly for / 2% dz. 4]

0
(c) Find the least value of N such that Uy — Ly < 1072, 2]
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Q38

9231/23 @ May/June 2022 o Question 2(b)

Find the length of the arc of the curve with equation y = —Incosx from the point where

x = 0 to the point where x = ™ [4]
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Q39

9231/23 @ May/June 2022 e Question 6

The diagram shows the curve with equation y = In(1 + z) for 0 < z < 1, together with a

set of n rectangles each of width —.
n

REIW)
=
S|
_
—_
v

ST T

1
(a) By considering the sum of the areas of these rectangles, show that / In(1+42z)dz < Uy,
0

where
[4]
1
(b) Use a similar method to find, in terms of n, a lower bound L,, for / In(1+z)de. [4]
0

(c) By simplifying U,, — L, show that lim (U, — L,) = 0. 2]

n—oo
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Q40

9231/23 @ May/June 2022 e Question 8

(a) Find /sin@cos" 6 df, where n # —1. 2]

Let Iy, = /
0

(b) Show that, for m > 2 and n > 0,

(ST

sin™ 6 cos™ 0 d6.

[5]
1\°
(c) By considering the binomial expansion of <z + ) , where z = cosf + isin6, use de
z
Moivre’s theorem to show that
cos® @ = a cos 50 + b cos 30 + ccos b,

where a, b and ¢ are constants to be determined. [5]

(d) Using the results given in parts (b) and (c), find the exact value of Iy 5. [4]

Instagram: @vectorspacepk 41 Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Integration — Questions

Q41

9231/21, 9231/23 e October/November 2022 o Question 3

The curve C' has parametric equations
z=c -1 y—des'(t—2), for0<t<2

Find, in terms of e, the length of C. 6]
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Q42

9231/22 e October/November 2022 o Question 3(a)

(a) A curve has equation y = e* + A—lle_m, for 0 < x < 1. Find, in terms of w and e, the area
of the surface generated when the curve is rotated through 27 radians about the z-axis. [6]
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Q43

9231/22 e October/November 2022 o Question 6

! |
! I
! I
i |
2 3 n—1 n x

The diagram shows the curve y = for x > 0, together with a set of (n — 1)

1
V2 + 2z

rectangles of unit width.

By considering the sum of the areas of these rectangles, show that

gﬁ<ln(n+1+\/n2+2n)+%\/§—ln<2+\/§).

[10]
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Q44

Integration — Questions

9231/21, 9231/22 e May/June 2023 o Question 4

1
The integral I,, is defined by I,, = / (14 2%)"dz.
0

d
(a) By considering e (z(1+ 2°)™), or otherwise, show that

(5n + 1)1, = 2" + 5nl,_.

(b) Find the exact value of I3.
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Q45

9231/23 @ May/June 2023 e Question 6

The diagram shows the curve with equation y = (1 — z)? for 0 < z < 1, together with a set

of n rectangles of width —.
n

1
(a) By considering the sum of the areas of these rectangles, show that / (1—x)?dx < Uy,
0

where
_2n243n+1

Un 6n2

1
(b) Use a similar method to find, in terms of n, a lower bound L,, for / (1—2z)%dz. [4]
0

(c) Show that JLHQO(U" —L,)=0. 2]
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Q46

9231/23 @ May/June 2023 e Question 7

4
The integral I,,, where n is an integer, is defined by I,, = /3 (1+ x2)%” dx.
0

(a) Find the exact value of I_; giving your answer in the form Ina, where a is an integer to
be determined. 2]

d
(b) By considering e (x(l + :c?)%”>, or otherwise, show that
x

4 (5\"
[5]
2
(c) A curve has equation y = 22, for 0 < x < = The arc length of the curve is denoted by

S.

1
Use the substitution v = 2z to show that s = 511 and find the exact value of s. 4]
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Q47

9231/21, 9231/23 e October/November 2023 e Question 5(a)

The curve C' has parametric equations

N

w=2t3 — 22, y=2+5  for0<t<3.

Wi

(a) Find the exact length of C'. [5]
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Q48

9231/21, 9231/23 e October/November 2023 o Question 8

(a) State the sum of the series 1 + z + 22 4+ --- + 2", for z # 1. [1]
(b) By letting z = cos 6 + isin #, where cosf # 1, show that
sin nf sin 6 >

1+cosf+cos20+ - +cos(n—1)0 = 5 (1 —cosnd +
1 —cosf

The diagram shows the curve with equation y = cosz for 0 < z < 1, together with a set of

1
n rectangles of width —.
n

(c) By considering the sum of the areas of these rectangles, show that

L 1 sin1sin +
cosrdz < — [1—-cosl 4+ —— .
0 2n 1 — cos -

1
(d) Use a similar method to find, in terms of n, a lower bound for / cosz dx. [3]
0
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In3
It is given that, for n > 0, I,, = / sech” r dz.
0

(a) Show that, for n > 2,

(n—1)I, = (g)n_g (%) + (n—2)I,_s.

d
[You may use the result that d—(sech x) = —tanhz sech z.] [5]
7

(b) Find the value of I4. 3]
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The diagram shows the curve with equation y = 2z — 2for0<z< 1, together with a set
of n rectangles of width %

>

S O G
SEINY
S
| e e e e
—_
—_
=

1
(a) By considering the sum of the areas of these rectangles, show that / (2= 2?) dz < U,
0
1 2 1
U= (1+-)(2- ).
= (1+2) (-%)

1
(b) Use a similar method to find, in terms of n, a lower bound L,, for / (2z — ) dz. [4]
0

where

[5]

(c) Show that T}Ln;o(Un —L,)=0. 2]
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1

7/2
Find the exact value of / —_——dux.
o Vdr—z2 -1
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The curve C' has parametric equations
x =cosht, y=sinht, for0<t< g

The length of C' is denoted by s.
3/5
(a) Show that s = / Vcosh 2t dt. 4]
0

(b) By finding the Maclaurin’s series for v/cosh 2¢ up to and including the term in ¢2, deduce
an approximation to s. [5]
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The diagram shows the curve with equation y = z2for2<z<N together with a set of
(N — 2) rectangles of unit width.

sis8 1, 1
r2” 2 N N2
r=1
[5]
T
(b) Use a similar method to find, in terms of N, an upper bound for Z — 3]
T
=il
[e.o]
1
(c) Deduce lower and upper bounds for Z ot 2]
r=1
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4 12
A curve has equation y = e” for In - < o < In —. The area of the surface generated when

the curve is rotated through 27 radians about the z-axis is denoted by A.

(a) Use the substitution v = e to show that

12/5
A=2r V1+u?du.
4/3
2]
(b) Use the substitution u = sinhv to show that
904 )
A= —4+In- ).
4 (225 i 3)

[6]
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1 xX
The diagram shows the curve with equation y = (2) for 0 < x < 1, together with a set

1
of N rectangles each of width N

L 2
N N N

1 o
1
(a) By considering the sum of the areas of these rectangles, show that / (§> dx > Ly,
0

where
1

N =N 1)

[4]

1 1 x
(b) Use a similar method to find, in terms of N, an upper bound Uy for / <2> dx. [4]
0

(c) Find the least value of N such that Uy — Ly < 1073, 2]
LN 1

(d) Given that / <2) dx = 2o e the value of N found in part (c) to find upper and
0 n

lower bounds for In 2. [4]
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dz, giving your answer in the form In(a + v/b), where

[4]

7
Find the value of / ;
6 v/ (x—5)2—-1

a and b are integers to be determined.
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The curve C' has parametric equations

1 1 1
7 = §e2t—§t3—§, y =2t — 1),

Find the exact length of C.
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The diagram shows the curve with equation y = ¢!~ for 0 < x < 1, together with a set of

1
n rectangles of width —.
n

Y

——————

______

[ ———

T
n

1
(a) By considering the sum of the areas of these rectangles, show that / e dx < Uy,
0

where N
e J—
Up= —— .
n(1—el/n)
[4]
1
(b) Use a similar method to find, in terms of n, a lower bound L,, for / e dg. [4]
0
(c) Show that lim (U, — L,,) = 0. 2]
n—oo

(d) Use the Maclaurin’s series for e® given in the list of formulae (MF19) to find the first

three terms of the series expansion of z (1 —e Y Z), in ascending powers of —, and deduce
the value of lim (U,). 3]
n—0o0
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1
Let I,, = / (1 — )" sinh z dz, where n is a non-negative integer.
0

(a) Show that, for n > 2, I, = =1+ n(n — 1)I,_2. [4]

(b) Find the exact value of Is. 3]

Instagram: @vectorspacepk 60 Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Integration — Questions

Q60

9231/21, 9231/22 e May/June 2025 o Question 4

1
The diagram shows the curve with equation y = Teﬁ for x > 1, together with a set of
x

n — 1 rectangles of unit width.

(a) By considering the sum of the areas of these rectangles, show that

= 1 1
E VT 21— )evVn_9
,,:1\/776 <<+\/ﬁ>e e.
[5]
-1
(b) Use a similar method to find, in terms of n, a lower bound for E Weﬁ. 4]

r=1
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The diagram shows the curve with equation y = for 0 < = < 1, together with a set

2 +1

1
of n rectangles of width —.
n

B R
3N

3

e

—_

—_

(a) By considering the sum of the areas of these rectangles, show that

n
> <
n2+r2 "4

r=1
[5]
n
(b) Use a similar method to find a lower bound for Z 55 Give your answer in terms
on +r
of n and 7. 4]
- n
(c) Deduce the exact value of T}Ln;o Z; T2 [1]
r=
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5/2 1
Find the exact value of / ———— dx, giving your answer in logarithmic form. [6]
1 2 —2x+5
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1
The integral I, is defined by I, = / (1 + :1:2)” dzx.
0

d
(a) By considering P (z(1 4 2?)™), or otherwise, show that

2n+ 1), = 2" + 2nl,_;.

(b) Find the exact value of I_,.
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The diagram shows the curve with equation y = %x?’ + x for 0 <z < 1, together with a set
of n rectangles of width %

»
'

o
S D
S rof-mmm o

3

[

—_

1
(a) By considering the sum of the areas of these rectangles, show that / ( %ZES + a?) dz < Uy,
0
1 1 1
=_—(14+= ~).
Un 12( +n> (7+n)

1
(b) Use a similar method to find, in terms of n, a lower bound L,, for / (32° + ) da. [4]
0

where

[5]

(c) Show that 7}1_)11;10(Un —L,)=0. 2]
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The curve C has polar equation r = e3? for 0 <6<,

Find the length of C. Give your answer in an exact form. [4]
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™

Find the exact value of / cos® 2z dz. 3]
0

[SIE
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Use the substitution z = 1 \f 2sinh v to find / 3
1
The diagram shows the curve with equation y = ———— for 0 < x < 1, together with a
222 4+ 1
set of n rectangles of width %
Yy
A
1
n
(b) By considering the sum of the areas of these rectangles, show that
= 1
1
S f\/§ln(\/§+\/§>.
7»21 V2rz4n? 2
[5]
n
Use a similar method to find, in terms of n, a lower bound for 4
5 Dy m 4
- 1
d) Deduce the exact value of lim —_—. 1
(d) nms50 Zl Var? + n2 .
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1
It is given that I, = / x" sinh x dz, where n is a non-negative integer.
0

(a) Show that, for n > 2,

I, =coshl—nsinh1+n(n—1)L,_9.

(b) Find the exact value of I5. 2]
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The diagram shows the curve with equation y = %(31) for 0 < x <1, together with a set of
N rectangles each of width %

1
(a) By considering the sum of the areas of these rectangles, show that / 3(3%)dz < Uy,
0

where

[4]
1

(b) Use a similar method to find, in terms of N, a lower bound Ly for / 2(3%) dz. 4]
0

(c) By simplifying Uy — Ly, show that A}im (Uxv — Ly) =0. 2]
—00
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The curve C' has parametric equations

szln(tan%t)—?)cott—?)t, yzﬁln(tan%t)+4cott+4t, for %ﬂgtgém

. dzx
(a) (i) Show that i 8 cosect + 3 cot? t. [1]
dy
ii) Find —=. 1
(i) Find 1
(iii) Find the exact value of the length of C. 6]
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