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Further Math with Ali Hashir
Differential Equations
Topical Questions (CIE 9231)

Compiled from CIE 9231 Further Mathematics past papers (2015-2025), sorted by topic. Each
question is numbered for this booklet, with its original paper code and session shown beneath.

About this resource: 1 teach CIE A Level Further Mathematics, and over the years I found
that there simply weren’t many well-organised, topic-wise resources available for this subject
— it’s a niche A Level with relatively few candidates, so it doesn’t get much attention from
resource makers. These topical booklets are my attempt to fix that: every past-paper
question, sorted by topic, with its official mark scheme alongside it.

Help us improve these documents for future students. If you spot a mistake, email us at
vectorspacepk@gmail.com.

What kind of mistakes might you find? These booklets are compiled by hand from
hundreds of past-paper PDF's. I've checked them as carefully as I can, but I'm only human,
and the odd error may have slipped through — so please help me catch what I missed. Things
to look out for:

e Spelling or typing mistakes

e Wrong final answers

e A mark scheme that doesn’t line up with its question (misaligned pages)

e A mark scheme that belongs to the wrong question entirely

e Pre-2020 questions that are technically out of the current syllabus (the syllabus changed
in 2020, but some older questions are still included here for practice)

e Missing, extra, or wrongly-labelled marks (e.g. an M1 or A1l that shouldn’t be there, or
one that’s missing)

e Diagrams or images that are unclear, missing, or don’t match the question

e Questions placed under the wrong topic

If you spot any of these (or anything else that looks off), please let me know.

This is Version 1 of this booklet. As readers point out errors, I'll keep correcting and
improving these documents, so I'd recommend checking back on the website from time to
time and using the latest version rather than relying on a saved copy.

If you think these documents brought you value, consider following me on social media — it helps more
than you’d think.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q1

9231/11, 9231/12 e May/June 2015 o Question 11

1
Show that the substitution v = — reduces the differential equation

Yy
2 (dy\? 1 d% 2dy 5 oo s
=) — 55— - 5—=+-= x — 5z
y3 \ dz y2dax?  y2dx oy
to the differential equation
o 28 5y 174 60— 5a?
— +2—+5v= x — 5.
dz? dz
[4]
Hence find y in terms of z, given that when z =0, y = % and d_y =—1. [10]
53
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o9 Further Math with Ali Hashir

Q2

Differential Equations — Questions

9231/13 @ May/June 2015 e Question 9

Find the particular solution of the differential equation

d? d
d_tf - 3d—:§ — 10z = 2sint — 3 cost,
. dz
given that, when t = 0, x = 3.3 and = 0.9.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q3

9231/11, 9231/12, 9231/13 e October/November 2015 e Question 2

Find the general solution of the differential equation

d2z dz
— 44— 44y =T — 2%
@ Tt T
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Q4

9231/11, 9231/12 e May/June 2016 o Question 9

Find the value of the constant k such that y = kx2e?® is a particular integral of the differ-
ential equation

dy  dy 2
YY 4 gy — 4
T R ()
[4]
Hence find the general solution of (x). 3]
Find the particular solution of () such that y = 3 and ;l_y = —2 when z = 0. [4]
x
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o9 Further Math with Ali Hashir

Q5

Differential Equations — Questions

9231/13 @ May/June 2016 ¢ Question 10

Given that y is a function of x and that z = e“, show that

dy _dy and xQ@—d2y dy

YE aw dz?  du?  du’

Given also that 2 p
229 + 3:v—y + 17y = 34lnx + 21,
dx? dx

deduce that 2 p
Yy Yy

—Z 4+ 2=+ 17y =34 21.

T2 + Tu + 17y = 34u +

d
Find y in terms of x given that y = 0 and d_y = —1 when z = 1.
x
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o9 Further Math with Ali Hashir

Q6

Differential Equations — Questions

9231/11, 9231/12, 9231/13 @ October/November 2016 o Question 6

Find the general solution of the differential equation

d?z dx .
) + 7E + 10x = 116 sin 2¢.

State an approximate solution for large positive values of t.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q7

9231/11, 9231/12 e May/June 2017 o Question 10

It is given that x = t%, where > 0 and ¢ > 0, and y is a function of z.

. dy 1dy d%y dy d%y
how that — =2t2— and — =2— + 4t—..
(1) Show that ‘g~ = 2625, and G2 = 25 T4 2 3]
(ii) Hence show that the differential equation
d? 1\ d
ﬁ — <8a¢ + 5) ﬁ + 122%y = dg2e™ (%)

reduces to the differential equation

d*y dy t
Y _ 4% 3yt
az ta =
[1]
(iii) Find the general solution of (*), giving y in terms of x. [7]
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q8

9231/13 @ May/June 2017 e Question 8

Find the solution of the differential equation

d?z dx

—5 +6— + 92 =18t + 6t + 1
a2 + a + 9z + 6t + 1,
. dx
given that, when t =0, z = 3 and — = 0. [10]
dt
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q9

9231/11, 9231/12, 9231/13 e October/November 2017 e Question 2

Find the general solution of the differential equation

d?z dz
— 42" 4 50 =4 — 5t2.
a2 T Tt
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q10

9231/11, 9231/12 e May/June 2018 o Question 7

Find the particular solution of the differential equation

d%y dy
49=7 1+ 145 4y — 495 + 735
Doty =492 + 735,

d
given that when x = 0, y = 0 and % = 0.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q11

9231/13 @ May/June 2018 e Question 10

It is given that ¢ # 0 and

d%x dx
t— +2— 4 9tz = 3t2 + 1.
a2 + a + 9tz +
(i) Show that if y = ta then
Y gy 3211
az T '
[3]
(ii) Find z in terms of ¢, given that x = $m and d_ﬂtc = 2 when ¢ = im. [9]
12 Website: www.vectorspace.pk
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Q12

9231/11, 9231/13 e October/November 2018 ¢ Question 10

(i) Find the particular solution of the differential equation

d?x dx )
W + 25 + ].OCL' = 37811’1 3t,

d
given that x = 3 and €% — 0 when t = 0. [10]
dt

(ii) Show that, for large positive values of ¢ and for any initial conditions,
x &~ V37sin(3t — ¢),

where the constant ¢ is such that tan ¢ = 6. 3]
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Q13

Differential Equations — Questions

9231/12 e October/November 2018 o Question 4

(i) Find the general solution of the differential equation

&’z 9% Asing
— — r = metc.
a2 " Ya

(ii) State an approximate solution for large positive values of ¢.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q14

9231/11, 9231/12 e May/June 2019 e Question 7

Find the particular solution of the differential equation

d?’z dx
100—F% 4+3——ax=t+2
aw Ty e
. dx
given that when ¢t = 0, x = 0 and i 0. [10]
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Q15

Differential Equations — Questions

9231/13 @ May/June 2019 e Question 8

Find the particular solution of the differential equation

d?z dz .
9@ + 65 +x= 5OSIHt,
. dz
given that when ¢t = 0, x = 0 and i 0. [10]
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Q16

9231/11, 9231/12, 9231/13 @ October/November 2019 o Question 11

It is given that w = cosy and

d? dy\? d
tan y—y + (_y) + 2tan y% =1+e Fsecy.

da? dx

(i) Show that
d*u + 2dw +w=—e"2*
dz? dz N )

[4]

(ii) Find the particular solution for y in terms of x, given that when =z = 0, y = %7‘(‘ and

L
de 3
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q17

9231/21, 9231/22 e May/June 2020 e Question 1

Find the solution of the differential equation

dy _7
2 iy =e "
dx toy=e
for which y = 0 when = = 0. Give your answer in the form y = f(z). [6]
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Q18

9231/21, 9231/22 e May/June 2020 e Question 7

It is given that 2 = t3y and

d? d
B3 4 (488 + 6£2) L 4 (1363 + 1262 + 6t) y = 61e2.
de? dt
(a) Show that
d%zx dx 1y
[4]
(b) Find the general solution for y in terms of ¢. [7]
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q19

9231/23 e May/June 2020 e Question 1

Find the general solution of the differential equation

d?z dz
— — 8- — 9z = 9eBt,
a  Sa T
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o9 Further Math with Ali Hashir

Q20

Differential Equations — Questions

9231/23 @ May/June 2020 e Question 7

(a) Show that an appropriate integrating factor for
d
(2% + 1)d—y +yvat+1=2%—zva22+1
%
is x+Va? + 1.

(b) Hence find the solution of the differential equation

d
(xz—l—l)%+y\/x2+1:$2—w\/x2+1

for which y = In2 when x = 0. Give your answer in the form y = f(z).
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o9 Further Math with Ali Hashir

Q21

Differential Equations — Questions

9231/21, 9231/23 e October/November 2020 o Question 2

The variables x and y are related by the differential equation

d’y dy 2
99— +6— = & 30zx.
q22 + Az +y x” + o0z

(a) Find the general solution for y in terms of .

(b) State an approximate solution for large positive values of .

Instagram: @vectorspacepk 22
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q22

9231/21, 9231/23 e October/November 2020 o Question 6(b)

Find the solution of the differential equation

dy

0 +ycotd = sin® 0

for which y = 0 when 6 = 3. (6]
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q23

9231/22 e October/November 2020 o Question 4

Find the solution of the differential equation

dy
r—=+2y=¢€"
dx 4
for which y = 3 when x = 1. Give your answer in the form y = f(z). 8]
24 Website: www.vectorspace.pk
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q24

9231/22 e October/November 2020 o Question 6

Find the particular solution of the differential equation

d%zx dx
Fr) I 8E + 15z = 102 cos 3¢,

d
given that, when t =0, z =1 and d—f = 0. [11]
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o9 Further Math with Ali Hashir

Q25

Differential Equations — Questions

9231/21, 9231/22 e May/June 2021 o Question 2

The variables x and y are related by the differential equation

d’y . dy
i3S Loy =9z +1.
ot =2+

(a) Find the general solution for y in terms of .

(b) State an approximate solution for large positive values of x.
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q26

9231/21, 9231/22 e May/June 2021 o Question 4

Find the solution of the differential equation

dy

1
d0+y:tan§«9,

sin @

where 0 < 6§ < 7, given that y = 1 when 6 = %ﬂ'. Give your answer in the form y = {(0). [9]

[You may use without proof the result that | cosecfdf = Intan %9]

Instagram: @vectorspacepk 27 Website: www.vectorspace.pk
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Q27

9231/23 @ May/June 2021 e Question 5

The variables x and y are related by the differential equation

>y dy
—Y 9 3y =de "
dz? dr Y
(a) Find the value of the constant k such that y = kxe™" is a particular integral of the
differential equation. 4]
d
(b) Find the solution of the differential equation for which y = d_f: = 1 when z = 0. 6]
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Q28

9231/23 @ May/June 2021 e Question 6

(a) Starting from the definitions of sinh and cosh in terms of exponentials, prove that

2sinh? 2 = cosh 2z — 1.

[3]
(b) Find the solution to the differential equation
d
- + ycothx = 4sinhx
dz
[7]

for which y = 1 when x = In 3.
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o9 Further Math with Ali Hashir

Q29

Differential Equations — Questions

9231/21, 9231/23 e October/November 2021 o Question 5

Find the particular solution of the differential equation

d’y dy
12 —25 +y =4cosx,

d
given that, when x =0, y = —4 and % =3.
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Q30

9231/21, 9231/23 e October/November 2021 e Question 7

(a) Show that an appropriate integrating factor for
VT —|— y=2%—zvVz2 -1
is x+Va?—1. [4]

(b) Hence find the solution of the differential equation

d
w2—1—y—|—y:w2—x\/1‘2—1

dx

for which y = 1 when 2 = 2. Give your answer in the form y = f(z). [7]
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Q31

9231/22 e October/November 2021 o Question 2

Find the solution of the differential equation

dy 43y
—= = 6z
der  z*+5
for which y =1 when z = 1. Give your answer in the form y = f(z). [7]
32 Website: www.vectorspace.pk
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o9 Further Math with Ali Hashir Differential Equations — Questions

Q32

9231/22 e October/November 2021 e Question 7

It is given that y = z?w and
d?w dw
22 W D 2 _ 2
S +4£C(.T+1)dx + (5z° + 8z + 2)w = bz* + 4z + 2.

(a) Show that

d’y  dy 2

— 4+4—4+5y=5 4 2.

q22 =+ Az + oy o+ 4r +

[4]

(b) Find the general solution for w in terms of z. [7]
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Q33

9231/21, 9231/22 e May/June 2022 o Question 3

The variables ¢ and = are related by the differential equation

A’z dr

W + % “F 3B = 12 + 1.
(a) Find the general solution for  in terms of ¢. [6]
d’x
(b) Deduce an approximate value of po) for large positive values of ¢. 2]
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Q34

9231/21, 9231/22 e May/June 2022 o Question 6

Use the substitution y = vz to find the solution of the differential equation

d
x£:y+\/9x2+y2

for which y = 0 when = 1. Give your answer in the form y = f(x), where f(z) is a

polynomial in z. [10]
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Q35

9231/23 @ May/June 2022 e Question 5
Find the solution of the differential equation
dy
N—+Ty=
z(x + )dm +y==z

for which y = 7 when x = 1. Give your answer in the form y = f(x). 9]
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Q36

9231/23 @ May/June 2022 e Question 7

The variables x and y are related by the differential equation

— —y=3.
dzz Y
L dy
It is given that, when z = 0, y = —3 and i 2.
x

(a) Find y in terms of x. 8]

(b) Deduce the exact value of  for which y = 0. Give your answer in logarithmic form. [3]
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o9 Further Math with Ali Hashir

Q37

Differential Equations — Questions

9231/21, 9231/23 e October/November 2022 o Question 5

Find the particular solution of the differential equation

d’y dy 2
2—= +2—= =4 3 3
q22 + Az +vy r° + 3z + 3,

d
given that, when x =0, y = % = 0.

Instagram: @vectorspacepk 38

Website: www.vectorspace.pk
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Q38

9231/21, 9231/23 e October/November 2022 o Question 8

(a) Use the substitution v =1 — (6 — 1)? to find
0—1

— do.

(b) Find the solution of the differential equation

dy o . 1
0 =0°sin” (0 — 1),

where 0 < 6 < 2, given that y = 1 when 6 = 1. Give your answer in the form y = f(0). [11]
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Q39

9231/22 e October/November 2022 o Question 4

Find the solution of the differential equation
dx
42 - 1)— +4r=4t* -1
(4 - 1) +4w

for which = 3 when t = 1. Give your answer in the form x = f(¢). [9]
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Q40

9231/22 e October/November 2022 o Question 8

It is given that y = cosh u, where v > 0, and

A2y d du\?
Vcosh?u — 1 au + o + coshu &u — 2coshu = 4e™".
dz d

da? x

(a) Show that

d’y | dy
SV 9y = geo,
dz? + dz YT
[4]
(b) Find w in terms of z, given that, when = = 0, v = In3 and é =3. [10]

Instagram: @vectorspacepk 41 Website: www.vectorspace.pk
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Q41

9231/21, 9231/22 e May/June 2023 o Question 2

Use the substitution z =  + y to find the solution of the differential equation

dy 1+3z+3y
dz 3z +3y—1

for which y = 0 when z = 1. Give your answer in the form aln(z +y) + b(x —y) + ¢ =0,
where a, b and c¢ are constants to be determined. [7]
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Q42

Differential Equations — Questions

9231/21, 9231/22 e May/June 2023 o Question 6

Find the particular solution of the differential equation

d2z dz .
Tl 125 + 362 = 37sint,

d
given that, when t =0, x = d—f = 0.
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Q43

Differential Equations — Questions

9231/23 @ May/June 2023 e Question 2

The variables x and ¢ are related by the differential equation

d2z dz
6— + 5H— =2 + 10t + 13.
a2 + a +x + +

(a) Find the general solution for x in terms of t.

(b) State an approximate solution for large positive values of ¢.
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Q44

9231/21, 9231/23 e October/November 2023 o Question 4

Find the particular solution of the differential equation

d’y _dy 2
—= 4+ 2=+ 3y =27
a2 + Az + 3y z°,

d
given that, when x = 0, y = 2 and % = -8.
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Q45

9231/21, 9231/23 e October/November 2023 o Question 6

(a) Starting from the definitions of cosh and sinh in terms of exponentials, prove that

sinh 2z = 2sinh x cosh x.

[3]
(b) Using the substitution v = sinh z, find / sinh? 2 cosh z d. 4]
(c) Find the particular solution of the differential equation
d
il + ytanh z = sinh? 2z,
dx
given that y = 4 when z = 0. Give your answer in the form y = f(z). [7]

Instagram: @vectorspacepk 46 Website: www.vectorspace.pk
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Q46

9231/22 e October/November 2023 o Question 4

Find the solution of the differential equation

j—z + 3y =sinx
for which y = 1 when z = 0. Give your answer in the form y = f(z). 9]
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Q47

9231/22 e October/November 2023 o Question 8

It is given that v = y* and

d?y dy\” dy _
3 2 3 4 2x
— ar 3y S +y—+y = .
y d.’L'2 (dIL' dl‘ ¢

(a) Show that

d?v  do
- 4+ — 4+ 4v =4e %,
da? U dx L ¢

[4]

d 3
(b) Find y in terms of z, given that, when x =0, y = 1 and £ =—5 [10]
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o9 Further Math with Ali Hashir

Q48

Differential Equations — Questions

9231/21, 9231/22 e May/June 2024 o Question 6

(a) Show that (coshz + sinhz)/? = e%/2.

(b) Find the particular solution of the differential equation

d?y  dy

—= + — 4 3y = 5(cosh z + sinh z) /2,

dz?  dz

4
given that, when £ =0, y = 1 and d_y = —.
dz 3
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Q49

Differential Equations — Questions

9231/21, 9231/22 e May/June 2024 e Question 7

T
a) Use the substitution © = 1 + 22 to find / —dzx.
(a) e

(b) Find the solution of the differential equation
dy

z—= —y = z?sinh~ !z,
dz

given that y = 1 when z = 1. Give your answer in the form y = f(z).
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Q50

9231/23 @ May/June 2024 e Question 5

(a) Find the general solution of the differential equation

((1127? + 10% + 25z = 338sint.
[7]
(b) Show that, for large positive values of ¢ and for any initial conditions,
x ~ Rsin(t — ¢),
where the constants R and ¢ are to be determined. 3]
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Q51

Differential Equations — Questions

9231/23 @ May/June 2024 o Question 7

(a) Show that

dz \ 2 2 3

s (E\/xQ— —gcosh_lg>: x2 - 9.

(b) Find the solution of the differential equation

d
x—y—y=w2 x2 -9,

dx

given that y = 1 when z = 3. Give your answer in the form y = f(z).
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Q52

Differential Equations — Questions

9231/21, 9231/23 e October/November 2024 o Question 5

Find the particular solution of the differential equation

d?x dx
6—s — 5— = +t+1
a2 a +x +1t+1,

dx

given that, when t = 0, x = 12 and - —6.
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Q53

9231/21, 9231/23 e October/November 2024 ¢ Question 7

(a) Show that an appropriate integrating factor for

\/$2+16@+y:m\/$2—|—16

dx
1 1
is 72+ Z\/:vz + 16. [4]
(b) Hence find the solution of the differential equation

\/$2+163—z+y=x\/x2+16

for which y = 6 when x = 3.
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Q54

9231/22 e October/November 2024 o Question 5

Find the particular solution of the differential equation

Py | dy 2
3—2 42— 4 y=
dz? * dz ty=7,
: dy
given that, when z =0, y = T 0. [10]
55 Website: www.vectorspace.pk
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Q55

9231/22 e October/November 2024 o Question 7

d
(a) Show that e (In(tanh z)) = 2 cosech 2. 3]

(b) Find the solution of the differential equation
sinh 2x @ + 2y = sinh 2z
dx

for which y =5 when x = In2. Give your answer in an exact form. [7]
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Q56

9231/21, 9231/22 e May/June 2025 o Question 5

Find the particular solution of the differential equation

A2z _d
43tz =c,

G
dt? dt

d
given that, when t =0, z = d—f = 0. [10]
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Q57

Differential Equations — Questions

9231/21, 9231/22 e May/June 2025 e Question 7

Find the solution of the differential equation

dy T4+95

A —— |
oW 2 llmaGle

given that y = 0 when x = 3. Give your answer in an exact form.
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Q58

Differential Equations — Questions

9231/23 @ May/June 2025 e Question 4

Find the particular solution of the differential equation

d?z dz
— = =224t —1
@ T T

d
given that, when t =0, x = d—f = 0.
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Q59

Differential Equations — Questions

9231/23 @ May/June 2025 e Question 7

Find the solution of the differential equation

dy_ 2z +6 B
dx x2+6x+5y_

)

given that y = 0 when x = 0. Give your answer in an exact form.
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Q60

Differential Equations — Questions

9231/24 e May/June 2025 e Question 3

Find the particular solution of the differential equation

d?y dy 3
QY L 4% by = 1363
dx2+ dac+ y ¢

d
given that y = 1 and £ = 0 when z = 0.
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Q61

9231/24 e May/June 2025 e Question 6

Find the solution of the differential equation

x% —y=2ztan" 1z
dz
for which y = 37 when 2 = 1. Give your answer in the form y = f(z). [9]
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Q62

Differential Equations — Questions

9231/21, 9231/23 e October/November 2025 o Question 4

Find the particular solution of the differential equation

d*y | dy 2
5—= 42— = 5 3
dx2+ dx—l—y T° + o + 3,
d
given that, when x =0, y = d_y = 0.
x
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Q63

9231/21, 9231/23 e October/November 2025 ¢ Question 7(b)

Find the solution of the differential equation

dy

z—= —y =z’ tanh™' z,
dx

for 0 < x < 1, given that y = 0 when x = % Give your answer in an exact form. [9]
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Q64

9231/22 e October/November 2025 o Question 5

(a) Find the general solution of the differential equation

?y |, dy
42 —1—4@ + 3y = Hcosz.

[7]
(b) For large positive values of z and for any initial conditions, show that the solution to
part (a) can be approximated by

y ~ Rsin(z + ¢),

where the constants R and ¢ are to be determined. (3]
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Q65

Differential Equations — Questions

9231/22 e October/November 2025 o Question 7(b)

Find the solution of the differential equation

WY o pe

de 242

for which y = % when « = 1. Give your answer in an exact form.
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Q66

9231/24 e October/November 2025 o Question 5

(a) Find the general solution of the differential equation

d2 d
d_ag+£+y:sin2w+c082w.

[7]

(b) For large positive values of z and for any initial conditions, show that the solution to
part (a) can be approximated by

y ~ Rsin(2z — ¢),

where R and ¢ are positive constants to be determined. 3]
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Q67

9231/24 e October/November 2025 e Question 6

Find the particular solution of the differential equation

dy 1+ _1
dr " 1-2z 2277
given that y = m when x = 0. Give your answer in an exact form. [10]

Help us improve these documents for future students. If you spot a mistake, email us at
vectorspacepk@gmail.com.

Written by Ali Hashir.

Answers available in the companion mark scheme booklet.
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