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Further Math with Ali Hashir

Differential Equations
Topical Mark Schemes (CIE 9231)

Mark schemes corresponding to the topical questions booklet for this topic, compiled from official
CIE 9231 marking schemes (2015-2025). Question numbers match the questions booklet.

About this resource: 1 teach CIE A Level Further Mathematics, and over the years I found
that there simply weren’t many well-organised, topic-wise resources available for this subject
— it’s a niche A Level with relatively few candidates, so it doesn’t get much attention from
resource makers. These topical booklets are my attempt to fix that: every past-paper
question, sorted by topic, with its official mark scheme alongside it.

Help us improve these documents for future students. If you spot a mistake, email us at
vectorspacepk@gmail.com.

What kind of mistakes might you find? These booklets are compiled by hand from
hundreds of past-paper PDF's. I've checked them as carefully as I can, but I'm only human,
and the odd error may have slipped through — so please help me catch what I missed. Things
to look out for:

e Spelling or typing mistakes

e Wrong final answers

e A mark scheme that doesn’t line up with its question (misaligned pages)

e A mark scheme that belongs to the wrong question entirely

e Pre-2020 questions that are technically out of the current syllabus (the syllabus changed
in 2020, but some older questions are still included here for practice)

e Missing, extra, or wrongly-labelled marks (e.g. an M1 or Al that shouldn’t be there, or
one that’s missing)

e Diagrams or images that are unclear, missing, or don’t match the question

e Questions placed under the wrong topic

If you spot any of these (or anything else that looks off), please let me know.

This is Version 1 of this booklet. As readers point out errors, I'll keep correcting and
improving these documents, so I'd recommend checking back on the website from time to
time and using the latest version rather than relying on a saved copy.

If you think these documents brought you value, consider following me on social media — it helps more
than you’d think.
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Q1

9231/11, 9231/12 e May/June 2015 o Question 11

T Back to contents

Mark scheme.

dv 1 dy
&~ P Bl
d? 1 d? dy\? d? 1d%y 2 ’
o Ady  pdndw Ly, 2 fdy M1A1
dz? y2 dz? de ) dy? y2dz? 3 \dz
2 (dy . 1d?% 2dy 5 d?v _dv
() Y Y 17460522 ~ o 4250 15y = 174625z Al
3 (dx) 2 da? y2dx+y T+6x—5x dx2+ dx+5v T+6x—5x
(AG)
m2+2m+5=0=m=—-142i= CF :e *(Acos2z + Bsin2z) M1A1
Pl:v=p2®+qz+r=v=2pr+q=0"=2p M1
Equate coefficients: 5p = —5 4p+59g=6 2p+2q+5r =17 M1
p=-1,q=2,r=3 Al
GS: v = e ?(Acos 2z + Bsin2z) + 3 4 2z — Al
1 d d
When z =0 y:—:>v:2and—y:—1:>—vz4,30:>2:A+3:>A: B1
2 dz dz
—1
v/ =e " (—2Asin 2z + 2B cos2x) — e (A cos 2z + Bsin 2z) M1
1
:>4:23+1+2:>QB:1:>B:§ Al
1 =T
=y = {e_w (5 sin 2x —cos2m> o 3 +2x —xﬂ Al
Total: 14

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q2

9231/13 @ May/June 2015 e Question 9

T Back to contents

Mark scheme.

(m—5)(m+2)=0= CF:z = Ae® + Be 2% M1A1
PIl:x =psint+qcost = & = pcost —gsint = & = —psint — gcost M1
= —psint — qgcost — 3pcost + 3gsint — 10psint — 10g cost = 2sint — 3 cost Al
= —1lp+3¢g=2and 3p+1lg=3=p=—-0.1, ¢=0.3 dM1A1
GS: x = Aed + Be™ 4+ 0.3cost — 0.1sint CAO Al
Initial conditions == A+ B+03=33=A+B =3 B1
and from & = 5A4e% — 2Be 2! — 0.3sint — 0.1 cost M1
5A—-2B—-01=09=5A—-2B=1 Al
A=1, B=2=2=¢"+2"2 +0.3cost —0.1sint CAO Al

Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q3

9231/11, 9231/12, 9231/13 e October/November 2015 e Question 2

T Back to contents

Mark scheme.

m2+4m+4=0= (m+2)?=0=>m= -2 M1
CF: Ae=?! + Bte=? soi Al
Ploz=pt?+qt+r=2=2t+q=>i&=2p M1
= 2p + 8pt + 4q + 4pt? + 4qt + 4r = T — 212 M1
1
:}p:—i,q::l’?"‘:]_ A.].
1

GS: z = Ae % + Bte 2 — §t2+t+1 Al

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q4

9231/11, 9231/12 e May/June 2016 o Question 9

T Back to contents

Mark scheme.

y' = 2kxe®® + 2kxe?® B1
y" = 2ke®® + 8kxe®® 4 4kx2e?® B1
2ke?® 4 8kxe®® + 4kx?e® — 8kxe®® — 8kx?e?® + 4kx?e?® = 4e2° M1
=2k=4=k=2 Al
m?—dm+4=0=>(m—-22=0=>m=2 M1
CF: y = Ae*® + Bxe?® A1l
y = Ae®® + Bxe?® 4 2x2%e%® Al
y=3whenz=0= A=3 B1
Y = 2Ae?® + B(e?® + 27e%) + (4we?® + 42%e?®) M1
y=—2whenx=0and A=3= B=-8 Al
= y = 3e?® — 8xe?® 4 2722 A1l

Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q5

9231/13 @ May/June 2016 ¢ Question 10

T Back to contents

Mark scheme.

A= (B)- A (18] T
= —Z—z x%é = ZU*Z - g—z (AG) Al

Substituting in differential equation:

d’y dy dy d*y dy
— - —+3—=+17y=34 21 = —= +2—+ 17y =34 21 (AG B1
e am awm Y v a2 g Y u+21 (AG)
m?2+2m+17T=0=m=—1=+4i =y, = e “(Acos4du + Bsin4u) M1A1
yp=cu+d=y =cand ¢y =0=2c+ 17cu+ 17d = 34u + 21 M1
=c=2d=1=y,=2u+1 Al
1
=y = —(Acos[4dlnz]+ Bsin[4lnz]|) + 2Ilnx + 1 (or in terms of u) Al
x
y=0whenzx=1=0=A4+1=A=—-1loru=0,y=0 etc B1
dy 1 i 1 i 4 4
— = —— (Acos[4Inz] + Bsin[4Inz])+~ ( —Asin[4Inz].— + Bcos[4Inz].— |+ M1
dz x x x x
g
d—y=—1whenle:—lzl—i—élB—i—Q:B:—lorallintermsofu Al
x
1
Hence y =2Inz +1 — — (cos[4Inzx] + sin[4Inx]) (oe) Al
x

Total: 13

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q6

9231/11, 9231/12, 9231/13 @ October/November 2016 o Question 6

T Back to contents

Mark scheme.

m2+Tm+10=0= (m+2)(m+5) =0=m=—2o0r -5 M1

CF: Ae 2t 4+ Be ™t Al

PL: x = psin 2t + g cos 2t = & = 2pcos 2t —2gsin 2t = & = —4psin 2t —4q cos 2t Mi1A1

Substituting: 14p + 6g = 0

6p — 14qg = 116 M1
Solving: p =3, ¢q=—7= x = 3sin 2t — Tcos 2t M1A1
GS: x = Ae % + Be ' + 3sin 2t — 7 cos 2t Al
For large positive values of ¢, x ~ 3sin 2t — 7 cos 2t. B1

Total: 9

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Differential Equations — Mark Scheme

9231/11, 9231/12 e May/June 2017 o Question 10

T Back to contents

Mark scheme.

dy _d dt d

IR o

% = % (j—i) j—x = {t‘li—i +2t3 (3;2 } 27 = 23—@; + 4t% (AG) M1A1

Substitute in (x): % + 4th:2y - 16tf1—t - 2% + 12ty = 4te™! B1

(:1; 4% +3y=ct (AG)

CF: (m —1)(m —3) =0 M1

y = Aet + Be3t A1l

PlLy=ke =9y = ket =y =ke? M1

ke ' +4ke '+ 3ke t = et M1

1

ék:§ Al

GS: y = Aet + Be® + ée‘t A1 FT

Y= Ae®” + Be3®” + ée‘“”z A1 FT
Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q8

Differential Equations — Mark Scheme

9231/13 @ May/June 2017 e Question 8

T Back to contents

Mark scheme.

m2+6m+9=0=m= -3 M1
CF: z = Ae=3! 4 Bte™3! Al
r=pt?+qt+r=>1c=2t+qand ¥ =2p M1
= 2p+6(2pt + q) + 9 (pt? + gt + ) = 18t* + 6t + 1 M1
= 9pt? + (9¢ + 12p)t + (2p + 6q + 9r) = 182 + 6t + 1 A1l
=p=2, ¢q=—2, r =1 whence PI: 2¢> — 2t + 1
Ok a5 = Al A B L % = e 1l A1FT
r=3whent=0=A=2 B1
i =—3Ae™3" —3Bte 3! + Be ™3 + 4t — 2 M1
t=0whent=0= B =8 Al
Hence z = 273 4 8te™3! 4 2t2 — 2t + 1 Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q9

Differential Equations — Mark Scheme

9231/11, 9231/12, 9231/13 e October/November 2017 e Question 2

T Back to contents

Mark scheme.

CF:m?+2m+5=0=m=—-1+2i M1
e t(Acos2t + Bsin2t) Al
Ploz=pt?+qt+r=2=2t+q=>i&=2p M1
2p + 4pt + 2q + 5pt® + 5qt + 5r = 4 — 5¢2 M1

22

p )y 4 5 r 25

> . 22 4 9

GS:z=e (A0032t+381n2t)+2—5+5t—t A1FT
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q10

9231/11, 9231/12 e May/June 2018 o Question 7

T Back to contents

Mark scheme.

1\’ 1
The auxiliary equation is (n ol ?) =0=n= —7 M1
CF: y = (A + Bz) e 7%, Al
P.y=pr+q, v =pandy” =0. M1

Correct form of PI and derivatives

MUp+pr+q=492 + 735 = p =49, ¢ =49. Mi1A1

Substitutes in equation correctly

Thus y = (A + Bz)e 7% + 49(z + 1). A1FT

FT only on correct form of CF AEF

y=0when x =0 gives A +49=0= A = —49. B1

y = —%(A—i—Bx) e~ 7% + Be~ 7% + 49. M1

Differentiating their y

g/=0whenx=0gives—;A+B+49=0:>B=—56 Al

AEF

Thus y = —(49 + 56z)e™ 7% + 49(z + 1). Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q11

Differential Equations — Mark Scheme

9231/13 @ May/June 2018 e Question 10

T Back to contents

Mark scheme.

Yy =x+ 't B1
y' =1+ +ta" B1
Substitute correctly B1
AG
Auxiliary equation: m? +9 = 0 = m = +3i. M1
Correct auxiliary
CF = Acos 3t + Bsin 3t. Al
Ply=at?+bt+csoy =2at+bandy’ =2a M1
Differentiate twice and substitute
1 1
Tyt Ty
1 1
y=Acos3t+Bsin3t+§t2+2—7 A1FT
Their CF + their PI both in correct form
1
ngwhentzggivesfl:??. B1
2
y' = —3Asin 3t + 3B cos 3t + §t M1
Differentiating their y of equivalent difficulty
2
m/zgwhentzggivesBz—%. Al
_ i 2
x:cos3t msindt + 9t + 1 Al
27t
AEF
Total: 12

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q12

9231/11, 9231/13 e October/November 2018 ¢ Question 10

T Back to contents

Mark scheme.

m?+2m+10=0=m=—1=+3i. (Finds complementary function.) M1
r = e !(Acos 3t + Bsin3t) Al
x =pcos3t + ¢sin3t  (Finds particular integral.) M1
= & = —3psin 3t + 3gcos 3t = & = —9p cos 3t — 9gsin 3t Al
(p+ 6¢) cos 3t + (¢ — 6p) sin 3t = 37sin 3¢ M1
=p=-6,g=1 Al

r = e !(Acos 3t + Bsin3t) — 6 cos 3t + sin 3¢

r=3whent=0=A—-6=3=A=9 (Uses initial conditions.) B1
i =e ! (—3Asin3t + 3B cos3t) — e t(Acos 3t + Bsin3t) + 18sin 3t + 3 cos 3t M1A1
t=0whent=0=3B—-A+3=0= B =2 (Obtains solution, AEF.) Al

= eY(9cos3t + 2sin3t) — 6 cos 3t + sin 3t

Ast—o00,e ! — 0= 12~ —6cos3t+sin3t (Obtains limit.) B1
1 6
sin3t—6cos3t = V37 | —— sin3t — —— cos 3t Converts to Rsin(3t— M1
(-7 e
= /37sin(3t — tan™16). (AG) Al
Total: 13

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q13

9231/12 e October/November 2018 o Question 4

T Back to contents

Mark scheme.

m?+2m+1=0= (m+1)?=0= m= -1 (Forms and solves auxiliary M1
equation.)

CF: (A+ Bt)e™t (States CF.) Al
PL: z = psint + gcost  (Uses correct form of PI and differentiates twice.) M1
= & =pcost —qgsint = & = —psint — qgcost Al
—psint — gcost + 2(pcost — gsint) + psint + gcost = 4sint  (Compares M1

coefficients and attempts to solve)

2p=0=p=0. 2¢q=4=q=-2. Al

GS: z = (A+ Bt)e™! —2cost (States general solution. FT on correct form A1FT
only)

T~ —2cost B1FT

Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 15 Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Differential Equations — Mark Scheme

Q14

9231/11, 9231/12 e May/June 2019 e Question 7

T Back to contents

Mark scheme.

10u2+3u—1=0= 2u+1)(bu—1)=0 M1
CF: 2 = Ae~3! + Bes! Al
Phz=p4+qgt=2=gq=2=0 M1
3g—p—qt=t+2=q=—-1,p=—5. M1A1
GS: = Ae~ 7! + Best —{ — 5 Al
1 1
i =—-Ae 3t + - Best — 1 M1
2 5
A+B=5 M1
1 1
——A+=B=1
2415
A=0,B=5 A1l
x=5eét—t—5 Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q15

9231/13 @ May/June 2019 e Question 8

T Back to contents

Mark scheme.

9l +6u+1=0= Bu+1)2=0 M1
CF: 2 = (At + B)e 3¢ Al
T = psint 4 qcost = T = pcost — gsint = & = —psint — gcost M1
—9p —6g+p =50 M1
—9¢+6p+qg=0
q=—-3,p=—4. Al
= (At—i—B)e_%t —4sint — 3cost Al
= —é(At—i— B)e_%t + Ae 3! — 4dcost + 3sint M1
B=3 B1
1
—§B+A—4=0:>A=5 Al
x = (5t+3)e_%t —4sint — 3cost A1l
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q16

9231/11, 9231/12, 9231/13 e October/November 2019 e Question 11

T Back to contents

Mark scheme.

Instagram: @vectorspacepk 18 Website: www.vectorspace.pk



o9 Further Math with Ali Hashir

Differential Equations — Mark Scheme

w:cosyiﬁz—sinyﬁ B1
%

%:—siny%—cosy(j—z) B1
%+23—:+w:—siny%—cosy(j—i)z—Qsinyj—Z—i—cosy M1
Uses substitution to obtain w-z equation, AG.
= —cosy (e_h sec y) = —g *® Al
m2+2m+1=0=m=—1 M1
Finds CF.
CF: w= (Az+ B)e™™® Al
PI: w = ke 2% = w' = —2ke™ 2% = v = 4ke™2* M1
Forms PI and differentiates.
4k —4dk+k=-1=k=-1 Al
w=(Az + B)e ™% —e™ 2 A1l
States general solution.
x=0,y=%7r,w=%=>B=% B1
Uses initial conditions to find constants.
w' = —(Azx + B)e™® + Ae™% 4 2e722 M1
Differentiates general solution.
:czO,y:%ﬁ,y’z?,w'z—%:—%z—g—i-fl—i—Q:A:—l M1A1
Substitutes initial conditions.
y = cos~! ((g — a:) e ¥ — e_Qm) Al
States particular solution for y in terms of x.

Total: 14

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q17

Differential Equations — Mark Scheme

T Back to contents

9231/21, 9231/22 e May/June 2020 e Question 1

Mark scheme.
o 5dz _ 5z M1
integrating factor €®® Al
d Sr\ _ ,—2x M1
P (ye ) =e
yed = —1e72 4 C A1l
0=—3+C M1
Yy = %6_5”” — %e_h Al
Total: 6

Instagram: @vectorspacepk

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q18

9231/21, 9231/22 e May/June 2020 e Question 7

T Back to contents

Mark scheme.

(a)

% = t3% + 3t2y B1
% :t3%+6t2%+6ty B1
combine to obtain isz + 4% +13z = t3% + 6t2f1—3t/ + 6ty + 4t3fli—i +12t2%y+ M1 Al
1363y = 6le2! (AG)

(b)

auxiliary equation m? +4m+13=0=m = -2+ 3i M1
complementary function z = e~2!( A cos 3t + B sin 3t) Al
try © = kest = & = %k‘e%t = i = ;llke%t B1
1k +2k+13k =61 = k=4 M1 Al

3y = e~2(A cos 3t+ Bsin 3t) +4ez’ = y = t3¢~2(A cos 3t + Bsin3t) +4t3ez! M1 Al

Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q19

Differential Equations — Mark Scheme

9231/23 e May/June 2020 e Question 1

T Back to contents

Mark scheme.

m?—8m—-9=0=>m=-1,9 M1
r = Ae ! + Be% Al
try o = ke® = & = 8ke® = i = 64ke® B1
64ke® — 64ke® — 9ke® = 9e¥ = —9k =9 M1
k=-1 Al
z = Ae"t 4+ Be — ¥ Al

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk

22

Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Differential Equations — Mark Scheme

Q20

9231/23 @ May/June 2020 e Question 7

T Back to contents

Mark scheme.

(a)
%ﬁL y =7 (:17— x2+1> B1
dx 2+1 22+1
f 12 d:c_ sinh~! z
e Vaitl  —¢ M1 A1l
=z+VvVz?2+1 (AG) A1l
(b)
d a5
_— 2 =
— (y(:c—i-\/x +1)) e M1 A1l
2 _ _ X __1 2
y(m—i-\/a: +1)_ [ = do=—§n(a® +1)+C M1 Al
In2=C M1
In2 — £ In(z? + 1)

_ 2 _ 2 1 : _

= = z—vVz2+1)In(5./..) le. = M1 A1l
Y z+ /l‘2+1 ( ) (2\/_) Y

2
(o) ()
2+ 1
Total: 11

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q21

9231/21, 9231/23 e October/November 2020 o Question 2

T Back to contents

Mark scheme.

Auxiliary equation: 9m? +6m +1=0=m = —%. M1
Complementary function: y = e_%”(Ax + B). Al
Particular integral and its derivatives: y = p+qz+ra? =y = q+2rz = ¢ = B1
2r.
Substitutes and equates coefficients: 18r +6q+ 127z +p+qx+rz? = 322 +302. M1
r=3,qg=—6,p=—18. Al
y:eféz(Aa:+B)+3:c2—6:c—18. Al
(b) y = 322 — 6z — 18. B1 FT
Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q22

9231/21, 9231/23 e October/November 2020 o Question 6(b)

T Back to contents

Mark scheme.

Finds integrating factor: ef cotfdf — glnsin — gy g M1 Al

Correct form on LHS and uses identity from part (a): %(y sinf) = sin*f = M1

(cos 460 — 4 cos 260 + 3).

ysind = % (1sin46 — 2sin26 + 3¢) + C. Al

Substitutes initial conditions: 0 = % (27) + C. M1

OE: ysin6 = ¢ (§sin46 — 2sin 260 + 36 — 3r). Al
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q23

9231/22 e October/November 2020 o Question 4

T Back to contents

Mark scheme.

d 2 1
Divides through by x: et + —y = —€*. B1
dr =« T
Finds integrating factor, must be integrating z—!: 2oz — 42, M1 A1l
Correct form on LHS and attempt to integrate %ez multiplied by their integrat- M1
ing factor: i(y:cQ) = ze®
Fr .
yr? = (z — 1)e* + C. Al
Finds C: C = 3. M1
—1)e*+3
Divides through by coefficient of y: y = %. M1 A1l
x
Total: 8
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Q24

9231/22 e October/November 2020 o Question 6

T Back to contents

Mark scheme.

Auxiliary equation: m? +8m +15=0= m = —3, 5. M1
Complementary function: z = Ae™® + Be™3, Al
Particular integral and its derivatives: © = psin3t + gcos3t = © = 3pcos 3t — M1 A1l
3qsin 3t = & = —9psin 3t — 9q cos 3t.

Substitutes and equates coeflicients: —9p — 24q + 15p = 0 = 6p — 24q = O; M1
—9q 4+ 24p 4+ 15¢ = 102 = 4p + ¢ = 17.

p=4,q=1. Al
x = Ae 5 4+ Be 3! 4 45sin 3t + cos 3t. Al
Differentiating the correct form: @ = —5A4e™>" — 3Be™3! + 12 cos 3t — 3 sin 3t. M1
Forms simultaneous equations using initial conditions: 1 = A+ B+ 1, 0 = M1 A1l

—5A—-3B+12=A=6, B=—6.

x = 6e=" — 6e =3 + 4sin 3t + cos 3t. A1l

Total: 11
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T Back to contents

Mark scheme.

(a)

Auxiliary equation: m? + 3m + 2 = 0 leading to m = —1, —2. M1
Complementary function: y = Ae™® + Be™ 22, Al
Particular integral and its derivatives: y = p + gz leading to ¢y = ¢ leading to B1
y" =0.

Substitutes and equates coefficients: 3q + 2(p + gx) = 2x + 1. M1
q=1,p=—1. Al
y= Ae % + Be 2* + x — 1 (must see “y ="). Al

(b)

y=x— 1 (accept y =~ = — 1). B1 FT

Total: 7
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9231/21, 9231/22 e May/June 2021 o Question 4

T Back to contents

Mark scheme.

.. . dy tan %0

Divides through by sinf: — + cosecfy = —; . B1
do sin 6
Finds integrating factor: e/ cosec0df — glntan 2% = tan %0. M1 A1l
d
Correct form on LHS and uses an appropriate identity: 7 (y tan %9) = M1
tan® 16
2 1 1 21

e 5 tan 50 sec” 50.
Integrates RHS: y tan %0 = %tan2 %9 +C. M1 A1l
Substitutes initial conditions: 1 = % + C. M1

Divides through by their integrating factor: y =

N[

(tan 20 + cot 36) [= cosecd]. M1 A1

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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9231/23 @ May/June 2021 e Question 5

T Back to contents

Mark scheme.

(a)

Differentiates particular integral: y = kze™? leading to y' = ke™*(1—x) leading B1 B1
toy’ = ke " (x — 2).

Substitutes: ke (z — 2) — 2ke™*(1 — x) — 3kze ™™ = 4e™” leading to —4k = 4. M1

k=—1. Al

(b)

Auxiliary equation: m? — 2m — 3 = 0 leading to m = —1, 3. M1
Complementary function: y = Ae™ + Be3?. Al
General solution: y = Ae™® + Be3* — ze™% = (A — x)e ™ + Be3®. Al FT
Derivative of general solution: y' = —(A — x)e % — e % + 3Be3?. B1
Substitutes initial conditions into general solution: A+ B = %, —A—-143B = % M1
leading to A =0, B = %
Yy = %e?’”” —xe ", Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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T Back to contents

Mark scheme.

(a)

Writes in exponential form: sinhz = 3(e® — e™%), coshz = (e” +e™). B1
Expands: (3(e® — e_‘”))2 =1(e*™ -2+ ). M1
= cosh 2z — 1 (AG). Al
(b)

Finds integrating factor: ef cothzdz — glnsinhe — giny 7 M1 A1l
Correct form on both sides: %(y sinh ) = 4sinh? . M1
Integrates sinh? = using identity: ysinhz = 2 (% sinh 2z — x) + C = sinh 2z — M1 A1l
Az < €

Substitutes initial conditions: sinhIn3 = sinhIln9 — 2In3 + C' leading to % = M1
4790 —2In3+C.

ysinha = sinh 2z — 2z + 2In3 — %. Al

Total: 10
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Mark scheme.

m? —2m+1=0= m = 1. Auxiliary equation. M1
y = e*(Az + B). Complementary function (accept ‘y =’ missing). Al
y = psinz + qcosx, y = pcosx — gsinzx, ¥y’ = —psinz — gcosz. Particular M1 A1l

integral and its derivatives.

—p+2q+p=0, —q—2p+ q=4. Substitutes and equates coeflicients. M1
p=-2,q=0. Al
y =e"(Ax + B) — 2sinz. Al
y' = Ae” + e (Ax + B) — 2cos xz. Differentiates. M1

B=—-4 A+ B—-2=3= A=29. Forms simultaneous equations using initial M1 A1l
conditions.

y =¢e"(9x — 4) — 2sinz. Al

Total: 11
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T Back to contents

Mark scheme.

%4_ 1 y:x2—x\/x2—1
RIS
ef \/ﬁdm = eosh™'e  Finds integrating factor (M1 for correct form M1 A1l
eaf \/ﬁdz, a # 0 constant).

z+ Va2 -1 (AG). Al

d
ey (y(m + Va2 — 1)) = +1 Correct form on LHS and simplifies RHS. M1 A1l

x —
y(z + Va2 —1) = Va2 — 1 + C. Integrates RHS (needs non-zero multiple of =~ M1 A1l
i)

. Divides through by vz2 — 1. B1

2= —i + C leading to C = —i. Substitutes initial conditions. M1
= —\/ i 1 i Divides th h b efficient of M1 A1l

o 1viaes rou y CO cilent o 0

Yy 5 1 1 g Yy
Total: 11
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Mark scheme.

(@ +5) = 44 4 5. Finds integrating factor. M1 A1l
% (y(a:4 T 5)) = 62° + 30z. Writes in correct form. M1
y(z* +5) = 2® + 1522 + C. Al
6 = 16 + C'. Substitutes initial conditions. M1
Y= azf’—i—$145——:;c_25—10. Division through by coefficient of y. M1 A1l

Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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9231/22 e October/November 2021 e Question 7

T Back to contents

Mark scheme.

dy 9
— =x"—+2 B1
dr 78 a1z + 2w
d?y 9 d?w dw
— =x‘— +4z— + 2w. B1
de? = ¥ da? * i e
2y dy 2w dw
Uses substitution to find w-z equation: —2 +4-2 + 5y = 22— + 40— + M1
q dz? dz dz? dz
2w + 4x2d—w + 8zw + 5xw.
T

Zw dw
5902F + (422 + 4x)d— + (522 + 8z + 2)w = 522 + 4z + 2 (AG). A1l

% x
m? 4+ 4m + 5 = 0 leading to m = —2 +i. Auxiliary equation. M1
y = e 2*(Acosx + Bsinz). Complementary function. Al
y=px’+qr+r,y =2pr+q,y’ =2p. Particular integral and its derivatives. B1
Substitutes and equates coefficients: 2p + 8px + 4q + 5px? + 5qzx + 5r = Spa? + M1
(8p+5q)x+ (2p+4q+57r); bp =15, 8p+5qg =4, 2p +4q+ 5r = 2.
p:l’q:—%77‘:%. A].
Substitutes for y and finds w in terms of x: z?w = e ?*(Acosz + Bsinz) + M1
22—z + 15

5 25°
w = (ze”)"*(Acosz + Bsinz) + 1 — (3z) 71 + (32)72 Al

Total: 11
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T Back to contents

Mark scheme.

Auxiliary equation: 2% + z + 1 = 0 leading to m = —% e z‘/Tg (a) M1
Complementary function: z = e~ 3t (A sin %gt + B cos ‘/7515) Al
Particular integral and its derivatives: x = pt? + gt + r leading to & = 2pt + ¢ B1
leading to & = 2p
Substitutes and equates coefficients (PI must have correct form): 2p+2pt + g+ M1
pP+qt+r=12+1
r=1¢=-2,p=1 Al
a::e_%t(Asin\/Tgt-l—Bcos*/Tgt)+t2—2t-|—1 Al
e"2! = 0 as t — 0o (b) M1
T — 2 A1 FT
Total: 8
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Mark scheme.

dy dv
v - B1
dx v xdaj
d
Substitutes and derives first order separable equation: =z (v + xd—v) = vz + M1
x

V9x2 4 x20?
d
xé —VoZ+9 Al

1 1
Separates variables and integrates both sides: / ———dv = / —dx M1
v?+9 T
sinh~! (g) —lnz+C Al
Substitutes initial conditions: C' = 0 B1
v v?
Converts to logarithmic form: In (§ + \/3 + 1) =Inz M1
Y+ /Y% + 922 = 322 Al
Squares to eliminate radical: 9z% — 622y + 3% —y> = 922 =0 M1
y=3(22-1) Al
Total: 10
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Mark scheme.

. dy Ty 1
Divides th h b D == = B1

ivides through by z(x + 7) d$+m(x+7) .

1 1
Converts to partial fractions or completes the square: — = — — —— B1
z(z+7) x x+T
or 7 B 7
- 2
CH) @r]) -9
Finds integrating factor (accept non-zero multiple of xL”) el T2 M@+ T — M1 Al
elnzfln(x+7) —_ z
z+7

Correct form on LHS and attempt to integrate RHS (RHS must be of the form M1

a_ L b ): d YT _ T 1 7
AT @D e \2+7) (2472 x+7 (24 7)2
xyf7 =In(z+7) + 7(z + 7)1 (+C) Al
Finds C, substitutes into their expression: % =In8 + % +C M1

. . . . 7 41 == 1
Divides their expression through by coefficient of y: y = [ 1 + p In g + M1 A1l
i
xr

Total: 9
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Mark scheme.

Auxiliary equation: 4m? — 1 = 0 leading to m = :l:% (a) M1
Complementary function (allow “y =" missing): y = Ae~2% 4 Be® Al
Substitutes y = k: —k = 3 leading to k = —3 M1 A1l

General solution (must have y = or sensible equivalent): y = Ae™3% 4+ Be3®—3 A1 FT

Derivative of general solution: gy’ = —%Ae_%” + %Be%"” B1
Substitutes initial conditions, solves simultaneous equations: A+ B = 0, —%A—i— M1
%B =2 leading to A= -2, B=2

Particular solution: y = 237 — 2737 — 3 Al

Makes 2 the subject (y must be of the form a1e®® + ase™* + ¢): y = 0 leading (b) M1

to 4sinh %l‘ = 3 leading to %w = sinh ™! %

Uses logarithmic form: sinh ™! % =In (% -+ % + 1) =1n2 M1
x=2In2=1In4 Al
Total: 11
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T Back to contents

Mark scheme.

2m? +2m+1=0=>m = —% + %i. Correct auxiliary equation. M1
Complementary function y = e_%x(A cos %:E + Bsin %:c) Al
Particular integral y = pz? + gz + r and derivatives ¥ = 2pz + ¢, y" = 2p. B1
Substitutes and equates coefficients: p =4, 4p+q =3, 4p + 2q +r = 3. M1
q=—13, r=13. Al
General solution y = e_%“”(A cos 3z + Bsin 32) 4 4% — 13z + 13. Al
Full use of product rule for 3. M1
Uses initial conditions: A 4+ 13 = 0, %B — %A —13=0=A=-13,B=13. M1 A1l
) = e_%“(—li’) cos 3z + 13sin ) + 4a? — 13z + 13. Al

Total: 10
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Mark scheme.

(a)
du . 1
0= —2(0 — 1) leading to (6 — 1) df = —5 du. B1
0—-1 1

—d@z—l/—du:— u+C=—y1-(0-1)2+C. M1 A1l

V1—(0—1)2 > ) Vu Ve =1
(b)
% - % — @sin—( — 1). Divides through by 6. B1
Integrating factor e~ J071d0 — o=Inb — p-1 M1 A1l
d g1y w1
@(0 y) =sin" (0 —1). M1
61y =0Osin~1(6 —1) — / __aA df. Integrates sin—'(6 — 1). M1 A1l

V1—(0—1)2
1
Applies part (a and/—dx =sinlz+C. M1
pplies part (a) N
61y = Osin1(6 — 1) + /1 — (6 — 1)2 =sin—1(6 41) + C. Al
Substitutes initial conditions: 1 =14 C. M1
y=00—-1)sin 10— 1)+6/1— (0 -1)2. M1 A1l
Total: 14
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Mark scheme.

d 4
d—i i m:p = 1. Divides through by 4t> — 1. B1
1 2 2 Writ tial fracti B1
= — . Writes as partial fractions.
421 21 26+1 ®
Integrating factor ef 41482 =1)71dt — In(20-1)—In(2t+1) — % M1 A1l
t+
d 2t — 1 2t—1 2t+1-2
— = = ) t f LHS. M1
” (m T 1) %1 %1 Correct form on LHS
2t —1
—— =t—In(2t+1 . Al
T n(2t+1)+C
Substitutes initial conditions: 1 =1—1In3 + C. M1
2t+1 3
=({——]t+In{—=])]. M1 A1l
v (2t—1) ( * n<2t+1>)
Total: 9
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Q40

9231/22 e October/November 2022 o Question 8
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Mark scheme.

(a)

g—i = sinh uj—z B1
% = sinhu% + coshu <3—2)2 B1
Uses substitution to find y-x equation, AG. M1
\/m (@ + d—u> + coshu (d—u)z — 2coshu = 4e™*. AG. Al
d?  dlw dz

(b)

Auxiliary equation m? +m —2=0=m =1, -2. M1
y = Ae® + Be™ %%, Al
Particular integral y = ke %, ¢/ = —ke™*, yy// = ke 7. B1
Substitutes and equates coefficients: ke™ — ke™" — 2ke™" = 4e™". M1
k= -2. Al
y = coshu = Ae® + Be 2% — 2¢77. Al
Yy = sinh u% = Ae® — 2Be 2% | 2¢7 7. B1

Substitutes initial conditions: A+ B —2 = g, A-2B+2=4= A= %,B = g. M1 Al

u = cosh™* (%ex + ge_Q’” —2e7%). Al

Total: 14
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T Back to contents
Mark scheme.
dy dz
=Y ZE_ B1
dz dz
d 143
Substitutes and derives first order separable equation: d_z —1= 3 + i M1
7 z—
dz 143z 6z
— = = . Al
dr 3z-1 + 3z—1
Separates variables and integrates both sides: % — %z‘l dz = [1d=. M1
iz—ilnz=2+C=—-lz+iy— 1Ll =C A
2 6 = 2 29— % n(x +y) =C. 1
Substitutes initial conditions into their expression. M1
C =—1, giving tIn(z +y) + 3(z —y) — 3 =0 (OE). Al
Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 44

Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Differential Equations — Mark Scheme
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T Back to contents

Mark scheme.

Auxiliary equation m? — 12m + 36 = 0. M1

Complementary function x = €% (At + B) (allow “r =" missing). Al

Particular integral x = psint+qcost = 2/ = pcost —gsint = 2" = —psint — M1 A1l

qcost.

Substitutes and equates coeflicients: —p + 12¢ + 36p = 37, —q¢ — 12p + 36g = 0 M1

(must have two unknowns).

p=2%,¢=%£ Al

x =e%(At + B) + 22sint + 32 cost (must have “z ="; FT on CF). Al FT

Differentiates using product rule: 2’ = AeS + 6e% (At + B) + 22 cost — 32 sint Mi1*

(must have their PI differentiated).

Forms simultaneous equations using initial conditions: B = —%, A—I—GB-I—% = DM1 A1l

0=>A=1

z = ebt (t — %) + % sint + % cost (must have “x ="). A1l
Total: 11
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Mark scheme.

Auxiliary equation 6m? +5m+1=0=m = —%, —%. M1
Complementary function x = Ae™ 3! + Be~ 3! (allow with “z =” missing). Al
Particular integral and its derivatives: x = p+qt+rt? = 2’ = q+2rt = 2’ = 2r. B1
Substitutes and equates coefficients: 12r+5q+ 107t +p+qt +7rt? = t24+10t+13. M1
r=1q=0,p=1 Al
z=Ae 2! + Be~st + 2 + 1 (must have “z ="). (b) Al
x = t?+1 (must have “z ="; accept “x is approximately”; do not accept “z —”; B1FT
FT on their PI).

Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q44

9231/21, 9231/23 e October/November 2023 o Question 4
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Mark scheme.

Auxiliary equation: m? + 2m + 3 = 0. M1
Complementary function: [y =]e~ (A cos 2z + Bsin \/556) Al
Particular integral and its derivatives: y = pz? +qz +r = ¢ = 2pxr + ¢ = B1
y' = 2p.

Substitutes and equates coeflicients: 3p = 27, 3¢ +4p = 0, 2p + 2q + 3r = 0. M1
p=9,q=—-12,r=2. Al
General solution: y = e™* (A cos V2x + Bsin \/556) + 922 — 122 + 2. Al
Differentiates (must use product rule): y = M1*

e T (—\/§A sin v2z + V2B cos \/§:U) —e * (A cos\/2x + Bsin \/ix) +18x —12.

Uses initial conditions: A+2=2, V2B —-A—-12=-8= A=0,B = 2V2. DM1 A1l

Yy = 2v2e % sin 2z + 922 — 122 + 2. Al

Total: 10
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T Back to contents

Mark scheme.
(a)

coshz = %(e‘B +e™ %), sinhx = %(e”” —e 7). B1

3(e® —e™?)(e” + e7%) = 3(e*® — e7¥) = sinh 2z (AG). M1 A1l

(b)

u = sinhx = du = cosh z dz. B1
Applies identities to find integral in terms of w: [ sinh? 2z coshz dz = M1
4 [ sinh? z cosh? z du = 4 [ sinh? z(sinh? z + 1) du.

=4 [v?(u?+1)du. A1l
=4 (3 + 2u?) (+C) =4 (% sinh® x + %sinh?’ z) (+C). Al

(c)

Finds integrating factor: ef tanhzdz — glneoshz — ogh . M1 A1l

Correct form on LHS and attempt to integrate RHS: %(y coshz) = M1

sinh? 2z cosh z.

Integrates RHS using part (b): ycoshx =4 (% sinh® z + % sinh3 z) + C. M1 A1l

Substitutes initial conditions: 4 = C. M1

y=4sechx(%sinh5w+%Sinhgac—i—l). Al
Total: 14
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Mark scheme.

Finds integrating factor: ef 3de = g3z, M1 A1l
d
Correct form on LHS and attempt to integrate RHS: d—(ye3z) =e3%sinz. M1
i
iz _ o~z
Integrates by parts once or uses sinx = - (EITHER): [ e singdr = M1 Al

—e3®cosz + 3 [ ¥ coszdr (OR = %e?"” sinx — %feh cos z dz).

Integrates by parts again or substitutes trig exponential forms: [ e3?sinx dr = M1
—e3 cosz + 3 (e3¥sinz — 3 [ €3 sinz dz) (or equivalent).

Must not see i: ye?* = %e3x(3 sinz — cosz) + C. Al
Finds C, substitutes into their expression (must be integrated): 1 = —1—10 +C. M1
Divides through by coefficient of y: y = 13—0 sinz — % cosx + %6*39”. Al

Total: 9
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Mark scheme.

(a)
dv dy
=qyt) — =493 2. B1
(v=y") =4
d?v d2 dy
—— =43 12 . B1
2?2~ Y 1 <dx)
L . d?v dov d2y
Uses substitution to find v-z equation (AG): + — +4v = 42— + M1
dz? ' dz @ i
12y dy 2 - 4y3d—y + 4yt
dz dz )
d2 dy dy
AG) =4 3 3= 4yt =47 A1l
(AG) ( d2+y<dx) +ydx+y ¢
(b)
Auxiliary equation: m? +m +4 = 0. M1
Complementary  function  (allow v = missing): [v = Al
]e_%x (A cos @x + Bsin @x)
Particular integral and its derivatives: v = ke 2% = o/ = —2ke 2 = " = B1
4ke=2",
Substitutes and equates coefficients: 4ke™2% — 2ke™2% 4 4ke ™% = 4e™ 27, M1
_ 2
k=s. Al
Substitutes for y and finds v in terms of x (must not see i): v = y* = Al
e 2® (Acos Fa: + Bsin ‘ﬁ ) == e,
dy
v = 4y3d— = o3 (—@Asin @l’—{— @B cos @az) — B1
x
%e_%“ (A cos ‘/Tﬁx + Bsin \/Tﬁx> ge_%
Substitutes initial conditions and forms simultaneous equations (must have M1 A1l
used product rule when differentiating their v): 1 = A+ 2 &5 —5 = ‘ﬁB A —
3=>A=1B=
T
y = (%e_%”” cos @m + %e_%) " (accept +). Al
Total: 14
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Mark scheme.

(a)

Substitutes sinh and cosh in terms of exponentials: (coshz + sinhz)'/2 = M1
(2(e®+e ™)+ 3(e” —e ))/
AG: (e%)2 =e%/2, Al

(b)

Auxiliary equation: m?> +m+3=0=m = —% + %i\/ll. M1
Complementary function: y = e~%/2 (A coS \/Tﬁfv + Bsin \/Tﬁm) Al
Particular integral and its derivatives: y = ke®/2 = ¢/ = %kex/ Y A B1
1ger/2
i .
Substitutes and equates coefficients: Z—llk; + %k + 3k = 5. M1
_ 4
k=g3. Al
Must have ‘y =’. FT on their CF: y = e~%/2 (A cos ‘/Tﬁa: + Bsin @x) +§ex/2. A1FT
. . dy
Differentiates to find —. B1
dz
Substitutes initial conditions and forms simultaneous equations. For M1, CF M1 A1l
. A s Yas)
must be correct form: A = —3, B = S
[P _ —x/2 1 \/ﬁ 1 : \/ﬁ 4 2
Must have ‘y =" y = e~/ <—§ cos 5= + g Sin Ta:) + gea’/ . Al

Total: 12
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9231/21, 9231/22 e May/June 2024 e Question 7
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Mark scheme.

(a)
T 1
Applies substitution: [ ———dz = 3 [ — du = Vu [+C] = V1 + 22 [+C]. M1 A1l
pPp f \/1-1-—372 2 f \/ﬂ \/_ [ ] [ ]
(b)
d
Divides through by x: &Y _ Y _ ysinhla. B1
dr =x
Finds integrating factor: e~ JoTldw — g=Inz — -1 M1 A1l
d
Correct form on LHS: d—(ac_ly) = sinh ™! z. M1
x
Integrates RHS. RHS must be of the form c¢sinh™'z: z='y = xsinh tz — M1 Al
5
—dx.
J V1 + x2
zly=zsinh ez —vV1I+a22+C. Al
Substitutes initial conditions: 1 = In(1 + v/2) — v2 4 C. *M1

Divides through by their integrating factor: y = z%sinh 'z — 2v/1+22 — DM1 Al

zln(l +v2) + z(1 +V2).

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Mark scheme.

(a)

Auxiliary equation: m? + 10m +25 =0 = m = —5. M1
Complementary function. Allow ‘z =’ missing: x = e >!(At + B). Al
Particular integral and its derivatives. For M1, both derivatives must be present M1 A1l

and of the correct form (only allow sign errors): x = psint + gcost = 2’ =
pcost — gsint = 2" = —psint — gcost.

Substitutes and equates coefficients: —p—10g+ 25p = 338, —q+ 10p+ 25q¢ = 0. M1
p=12, ¢ = —5. Al
Must have ‘z =": x = e (At + B) + 12sint — 5 cost. Al

(b)

Considering PI only: x ~ 12sint — 5cost = 13 (% sint — 1% cOS t). M1

Al for R and Al for ¢. Condone 22.6°. Withhold final A1 mark if working Al A1l
with incorrect PI. CWO: 12sint — 5cost = 13sin(t — 0.395...).

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Mark scheme.

(a)

1
Applies product rule and % (cosh_1 %) = \/xz———Q M1

2 9
OFE: — 4+ L /29~ Al
20/22—9 2 222 — 9

Puts over common denominator, AG: ———— + 1 \/ 22 —9=+z2-0. Al

(b)

d
Divides through by x: £ —Z =zvx B1
Finds integrating factor: e~ JeTlde — g=lne — ;-1 M1 A1l

d
Correct form on LHS: @( y) =V M1
Integrates RHS. For M1, RHS must be of the form c¢vz? —9: z7ly = M1 A1l
I VaT—9-— gcosh_1 )
2 2 3
Substitutes initial conditions: % =C. M1
Divides through by their integrating factor: Y = M1 A1l

E e D e &
m(2 x*—9 2cosh 3+3.
Total: 12
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Mark scheme.

Auxiliary equation, two distinct real roots: 6m?> —5m+1=0=m = %, % M1
Complementary function: z = Ae/2 + Bet/3. Al
Particular integral and its derivatives: z = pt? +qt +r =2/ = 2pt +q = 2" = B1
2p.

Substitutes and equates coefficients: p =1, —10p+q¢ =1, 12p — 5¢ +r = 1. M1
p=1qg=11,r =44. Al
General solution: = = Ae*/? + Be'/3 + 2 + 11t + 44 (FT on CF). Al
Differentiates: 2/ = %Aet/2 + %Bet/?’ + 2t + 11. M1

Uses initial conditions: A+B+44 =12, JA+1B+11=—6= A= —38,B =6. M1A1

x = —38¢e/2 + 6et/3 + 12 + 11t + 44. A1l

Total: 10
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Mark scheme.

(a)
Divides through by vz2 + 16: dy TN S B1
dr /22 + 16
——d o

Finds integrating factor ef Variie | = esinh ™ (#/4), Mi1A1
= 124+ 1V2? + 16 (AG). Al
(b)

d
Correct form on LHS and RHS: o (y (1‘ + Va? + 16)) = 22 4 /22 + 16. M1A1

x
Integrates RHS: y (2 + va? +16) = 3% + 1(2> +16)/2 4 C. M1A1
Substitutes initial conditions: 6(3 4+ v/25) = 27 + 22/25 + C. M1
y (ac VI F 16) = 128 4 L(g2 +16)3/2 - 8. Al

Total: 10
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Mark scheme.

Auxiliary equation. M1 for correct type of roots (complex): 3m? + 2m + 1 = M1
0=m=—1+¥2;

Complementary function: y = e~*/3 (A cos gx + Bsin @x) Al
Particular integral and its derivatives: y = px? +qzx +r = ¢ = 2pr + q = B1
y' =2p.

Substitutes and equates coefficients: p=1,4p+q =0, 6p + 2¢g +r = 0. M1
g=—4,r=2. Al

General solution: y = e~*/3 (A cos ?az + Bsin @x) + 2% — 4z + 2 (must have A1FT
'y=". FT on CF).

Differentiates. GS must be in correct form. *M1
Uses initial conditions: A+2=0, 2B~14-4=0=A=-2B=5/2.  DMI1Al
Y= e~ /3 (—2 cos %:ﬂ + 5v/2sin \/Tix) + 22 —4x+2. Al

Total: 10
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Mark scheme.

(a)
d h?
Applies chain rule: e (In(tanhz)) = iz(rjlhi' M1A1
1 2
= = AG).
sinhzcoshx  sinh2x (AG) Al
(b)
Divides through by sinh(2z): & 4+ — 20 4 B1
i " dr  sinh(2z)
d
Correct form on LHS and RHS: d—(y tanh x) = tanh . M1A1
i
Integrates RHS: y tanh x = In(cosh z) + C. M1A1
Substitutes initial conditions: 5 (2) =1In2 + C. M1
ytanhz = In(coshz) + 3 — In 2 (accept equivalent exact form). Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Mark scheme.

Auxiliary equation 6m?+3m+6 =0=m = —}1 + %i\/ 15. M1 for correct type M1
(complex) of roots.

Complementary function x = e it (A cos \{Tﬁt + Bsin *‘Tﬁt) Allow ’z =’ miss- Al
ing. Using x instead of ¢ is AO.

Particular integral and its derivatives: x = ke™! = 2/ = —~ke ™t = 2 = ket B1
Substitutes and equates coefficients: 6ke™" — 3ke™t + 6ke~t = e~ M1

_1
k=3 Al

General solution z = e_it (A cos @t + B sin @t) + %e_t. FT on CF and A1FT
their value of k. Must have 'z =’.

Differentiates using product rule. *M1

Substitutes initial conditions and forms simultaneous equations: A = —%, B= DM1,A1l

_1

3V15°

Final answer must have 'z =’. Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Mark scheme.

Finds integrating factor using f T dsc = In|f(z)|: [ Zﬁ#ﬁm = In(z+ Ml A1l
10z 4 61).

o~ 3 In(z?+10z+61) _ 1 ) Al

Va2 + 10z + 61
d
Correct form on LHS using their integrating factor: — ( o ) = M1
1 dz 2 + 10z + 61

Va? + 10z + 61

Completes the square: z2 + 10z + 61 = (z + 5)% + 36. B1

r+5

Integrates RHS: [ .

1 . _1
T 5)2 — dx = sinh (

integrate by parts is MO0.

) + C. Attempting to  *M1 A1l

Substitutes initial conditions: ¢ = —sinh™! (%) =—In (% + ) = —1In3. DM1 A1l
Final answer. Al
Total: 10
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Mark scheme.

Auxiliary equation m? +m —2 =0 = m = 1, —2. M1 for correct type of roots. M1

Complementary function z = Ae’ + Be™2!. Allow 'z =’ missing. Using x Al
instead of ¢ is AO.

Particular integral and its derivatives: . = pt? +qt +r = o' = 2pt +q = 2’ = B1
2p.
Substitutes and equates coeflicients: p = —1,2p —2¢ =1, 2p+ q — 2r = —1. M1

3

p:—l,q:—Q,T:— Al

N[

General solution z = Ae’ + Be™? — > — 3¢t — 2. FT on CF and their values of A1FT
p, q, r. Must have 'z =,

Differentiates: 2/ = Aet — 2Be 2t — 2t — % *M1

Uses initial conditions: A+ B—5=0,A-2B-2=0=>A=% B=-5. DMl A1l

Final answer must have 'z =’. Al

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 61 Website: www.vectorspace.pk



o9 Further Math with Ali Hashir Differential Equations — Mark Scheme

Q59

9231/23 @ May/June 2025 e Question 7
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Mark scheme.

Finds integrating factor using f o) da: =Inl|f(z)]: [0 -de =In(z?+6z+ Ml Al

2246x+5
51
e~ In(22462+5) _ 1 . Al
22+ 6z +5
Correct f rHs: < Y 1 M1
orrect form on — = .
dz \ 22 +6x +5 246z +5
4 1 1
Partial fractions or completing the square: P r6etE 241 745 B1
4
Integrates RHS (RHS must be of the correct form): [————dz = *M1 Al
22+ 62 +5
1
In (:c + ) +C.
T+5
Substitutes initial conditions: 0 = ln% +C. DM1
Y x+1 1 5x + 5 9
P e n<m+5> n g n(x+5 ccept y = (2 + 6z +

5 + 5
5)1 .
)n(x+5>

Total: 9
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Mark scheme.

Auxiliary equation m? +4m +5 = 0 = m = —2 £i. M1 for correct type of M1

roots.

Complementary function y = e 2*(Acosx + Bsinz). Allow 'y =’ missing. Al

Accept y = e 2*(Acosx + Bisinz).

Particular integral and its derivatives: y = ke3* = ¢/ = 3ke3® = 3/ = 9ke3?. B1

Substitutes and cancels e3: 9k + 12k + 5k = 13 = k = % M1 A1l

General solution. Must have 'y =’. FT on their CF (the PI must be correct): A1FT

y=e 22(Acosz + Bsinz) + 3.

Uses y(0) = 1, FT on their 1 — k; their CF must be correct: A+k=1= A= B1FT

1-k=1.

Finds 3/; for M1 their CF must have the correct form: 3y’ = e 2*(—Asinz + M1

Bcosz) —2e 2% (Acosz + Bsinz) + 33

Uses y'(0)=0: B—2A+3=0=B=—3. Al

Must have 'y =’. Al
Total: 10
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T Back to contents

Mark scheme.

d 1
Divides through by x: U —y =2xtan"!x. B1
dr =x
Finds integrating factor: e~ JoTldw — 41 M1 A1l
Correct form on LHS and attempt to integrate RHS by parts (treating tan=' z *M1
d
as cot z is M0): d—(yx_l) = 2tan"!u.
i
yr~! =2ztan "tz -2 [ %dx =2ztan 'z —In(1+2?%) + C. Note —In(1 + Al A1l
5
2?) = Incos(tan~! z). SC B1 for ztan~'z — $In(1 + 2%) 4+ C.
Finds C, substitutes given conditions into their solution: %ﬂ' = (%177) —In2+ DM1
C=C=In2.

Divides through by their coefficient of y: y = 222 tan~' 2 —zIn(1+2%) +2In2. DM1 A1l

Total: 9
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Mark scheme.

Auxiliary equation 5m? +2m+1=0=m = —% + %i. Correct type of roots M1
for M1.
Complementary function y = e 5% (A cos %:c + Bsin %I) Al
Particular integral and derivatives: y = pz?+qz+r = ' = 2pz+q = " = 2p. B1
Substitutes and equates coefficients: p =1, 4p+ ¢ =5, 10p + 2¢ + r = 3. M1
qg=1,r=-9. Al
General solution y = e 5% (Acos 2z + Bsin 2z) + 22 + 2 — 9. FT on CF. Al (FT)
Differentiates using product rule, CF must be of correct form. M1*
Uses initial conditions: A —9 =0, %B — %A +1=0=A4A=9,B=2. M1
(dep)
Correct values. Al
_ o —iz 2 o 2 2 by, S
y=e5 (900s5x+281n3w)—|—x + 2 — 9. Must have 'y =’. Al
Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Mark scheme.

d
Divides through by x: Y _ Y _ ptanhlz. B1
de =
Finds integrating factor: e~ JoTlde = g=lnw — p—1 M1
Correct integrating factor. Al
d
Correct form on LHS and RHS: d—(a:_ly) = tanh™! 2. M1
a5
Integrates correct function on RHS: 'y = ztanh !z — / 1m—2da:. M1*
—x
Correct RHS integral form. Al
7y = ztanh™ 'z + 3 In(1 — 2%) + C. "+C’ not required. Al
Substitutes initial conditions: 0 = %tamh_1 % 4 %111% +C=C= —}1 In3 — M1
tIn3. (dep)
z~ly = ztanh 'z + sIn(1—2%)—1In %—g. Al
Total: 9
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Mark scheme.

Auxiliary equation m?+4m+3 = 0 = m = —1, -3 (may be implied by correct (a) M1
CF).

y = Ae™® 4+ Be 3, Al

Particular integral and derivatives: y = psinx + gcosz = 3y = pcosx — M1 A1l

gsinx = y” = —psinx — qcos .

Substitutes and equates coefficients: —p —4q + 3p =0, —q¢ + 4p + 3¢ = 5. M1

p=1,q= % Al

y=Ae™® 4+ Be 3% +sinx + %cos 2. Al

e~ % — 05 sets up Pythagoras and compound angle formula: y = sin x-l—% cosT = (b) M1

‘/75 (\% sinz + \/ig cosm).

‘/75 sin(z +0.464...). Al for R, Al for ¢ (condone 26.6°; allow ¢ = tan~1 1). Al A1
Total: 10
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Mark scheme.

Finds integrating factor: ez [@e)TNde _ v2+ x. Allow a sign error in the M1 Al
integrating factor for M1.

Correct form on LHS and simplifies RHS: di (y\/2 ) = AR = — M1 A1l
97

V4 — 2.

Integrates RHS: yv/2 + 2 = 12v4 — 22 + 2sin™! (32) [+C]. M1 A1l

Substitutes initial conditions: %\/§ = %\/5 + %77 +C. M1

yV2+ 1z = jav4— 22+ 2sin! (32) — 37 Al

Total: 8
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Mark scheme.

Auxiliary equation m? +m+1=0=m = —% e %\/g Must give correct type (a) M1
of roots a + bv/3.

Y= e 3% (A coS \/Tgm + Bsin ‘/7351:) x missing/mislabelled is A0. Al
Particular integral and derivatives: y = psin2x + gcos2z = y' = 2pcos2x — M1 A1l
2¢sin 2x = y” = —4psin 2z — 4q cos 2.

Substitutes and equates coefficients: —4dp —2¢+p =1, —4g+2p+qg = 1. M1
p=—%,0=—13. Al
Y= e 3% (A coS */Tgm + Bsin ‘/Tgx> = %3 sin 2z — % cos 2x. Must have 7y =". Al
e=3% — 0 and correct use of compound angle identity: y ~ —%3 sin 2x — (b) M1
% cos 2z = % (—\/L% sin 2z — \/% cost).

%sin(Qx — 1.77). Al for R, Al for ¢ (condone 101.3°; allow R = 0.392, Al A1

cos_l(—\/%)).

¢

Total: 10
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Mark scheme.

f! 1

Finds integrating factor using [ - ((;)) dz = Inlf(z)]: [ 1_2-;—f$2dx = M1 A1l

—3In(1 — 2z — 2?).

e—% In(1—2z—a22) _ 1 ] Al

V1-—2x — a2
d Y 1
Correct form on LHS and RHS: — = . M1
dr \ /1 — 22 — 22 V1—2x — 22
Completes the square: 1 —2x — 22 =2 — (v + 1)%. B1
1
Integrates RHS (must be of the form 1/vaz? + bz + ¢): [ mdx = Mi1* A1
—(z+
1 fz+ 1)
sin +C.
(5

Substitutes initial conditions: 7 = sin™* % +C=C= f’—ﬂr M1

(dep) A1l
Yy .1 (Tt 1) 3

—— =sin — | + 27 Al

V1—2¢ — x? ( V2 4
Total: 10
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