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Further Math with Ali Hashir

Proof by Induction
Topical Mark Schemes (CIE 9231)

Mark schemes corresponding to the topical questions booklet for this topic, compiled from official
CIE 9231 Paper 1 marking schemes (2015-2025). Question numbers match the questions booklet.

About this resource: 1 teach CIE A Level Further Mathematics, and over the years I found
that there simply weren’t many well-organised, topic-wise resources available for this subject
— it’s a niche A Level with relatively few candidates, so it doesn’t get much attention from
resource makers. These topical booklets are my attempt to fix that: every past-paper
question, sorted by topic, with its official mark scheme alongside it.

Help us improve these documents for future students. If you spot a mistake, email us at
vectorspacepk@gmail.com.

What kind of mistakes might you find? These booklets are compiled by hand from
hundreds of past-paper PDF's. I've checked them as carefully as I can, but I'm only human,
and the odd error may have slipped through — so please help me catch what I missed. Things
to look out for:

e Spelling or typing mistakes

e Wrong final answers

e A mark scheme that doesn’t line up with its question (misaligned pages)

e A mark scheme that belongs to the wrong question entirely

e Pre-2020 questions that are technically out of the current syllabus (the syllabus changed
in 2020, but some older questions are still included here for practice)

e Missing, extra, or wrongly-labelled marks (e.g. an M1 or Al that shouldn’t be there, or
one that’s missing)

e Diagrams or images that are unclear, missing, or don’t match the question

e Questions placed under the wrong topic

If you spot any of these (or anything else that looks off), please let me know.

This is Version 1 of this booklet. As readers point out errors, I'll keep correcting and
improving these documents, so I'd recommend checking back on the website from time to
time and using the latest version rather than relying on a saved copy.

If you think these documents brought you value, consider following me on social media — it helps more
than you’d think.
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Q1

9231/11, 9231/12 e May/June 2015 o Question 3

T Back to contents

Mark scheme.

ay > 5 (given) = Hj is true. B1
Assume Hy, is true for some positive integer k, i.e. ax = 5+ 9, where § > 0. B1
407 + 25 4a% + 25 — 25 4ar — 5 -5
Gy —5 = kT2 5 20k o _ (Gax =5 =5) o M1A1
oag Say, Say
5
Or
doro+— 4+ 210-24+2_ Vtwo<o<s (M1)(A1)
Apy1 = = —, = - — =+ ——...) for
175 5+ 5 5 25

=5+ 25 +0(0%) > agy1 > 5, (0 = 5 is trivial).

Hy = Hp. 1 and H; is true, hence by mathematical induction, the result is true Al
for alln € Z* (N.B. The minimum requirement is ‘true for all positive integers’.)

(5)
) 1
—an— — — = M1
Ok+1 ag ax 5(Lk
) 1
—<1and5ak>1:>ak+1—ak<0:>ak+1<ak Al
23
(2)
Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q2

9231/13 @ May/June 2015 e Question 3

T Back to contents

Mark scheme.

k
1 k
Hg : ; 22 —1 =% 1 is true for some integer k. B1
1 1 1
——— = - = —— = Hj is true. B1
221 3 a2xit1 1o
k 1 k 1 2k* + 3k +1
2k +1 i (2k+2)2—-1 2k+1 + 2k+1)(2k+3) (2k+1)(2k+3)
_ @k+D(k+1) k41 Al
26+ 1)(2k+3)  2[k+1]+1
S Hy = Higq
.. (By Principle of Mathematical Induction) H,, is true for all positive integers Al
n. (This mark requires all previous marks.)
(6)
o0
1 1
Z 22 _1 9 B1
r=1 ( 7") B
(1)
Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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9231/11, 9231/12, 9231/13 @ October/November 2015 o Question 3

T Back to contents

Mark scheme.

n = 1 in formula gives a’e?® 4 axe® = e + qret® B1
d
d—(:ce‘“”) =e™ x 1+ z.ae™ = ™ + are® = H; is true oe B1
x
dk
Assume Hy, is true, i.e. ﬂ(xem) = kaF~1e 4 aFge®®. B1
x
dk—l—l
pp sy (2e%®) = ka*e® + aFe®® + aFtlge®® M1
x
= (k + 1)a*e™® + aFF1ge® Al
= Hj1 is true, hence by PMI H,, is true for all positive integers n. Al
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q4

9231/11, 9231/12 e May/June 2016 o Question 3

T Back to contents

Mark scheme.

Forn=110+192 + 5 =207 =9 x 23 = H; is true. B1

Assume Hj, is true for some positive integer k = 10" 4+ 3.4"+2 + 5 = 9a B1

Let f(n) = 10" +3.4""2 + 5

Hence f(n+1) — f(n) = 10"(10 — 1) + 3.4""2(4 — 1) M1

= 9(10™ + 47+2)

=94 Al

Hence f(n+1)(=9(8 + a)) = Hg4q is true Al

H; is true and Hy, = Hy1, hence by PMI H,, is true for all positive integers n. Al

(6)

N.B. Or can show f(n +1) = 9(10a — 2.4"*2 — 5) for M1A1A1. (3rd, 4th & 5th marks)

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q5

9231/13 e May/June 2016 e Question 2

T Back to contents

Mark scheme.

1
With n = 3, §n(n -3)=0 M1
A triangle has no diagonals = Hj is true. Al
1

Assume Hj, is true: A k-gon has ék(k — 3) diagonals for some integer > 3 B1
Adding an extra vertex, a further (k — 1) diagonals can be drawn. M1
1 - 2k -2 1)(k—2

—k:(k—?))—i-k—lzk 3k + 2k :(k—{— )(k—2) e
2 2 2

1
= §(k+1)(k+1—3) (So Hy = Hy1) Al

= H, is true for all integers n > 3.

(6)

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q6

9231/11, 9231/12, 9231/13 @ October/November 2016 o Question 4

T Back to contents

Mark scheme.

n n n! n!
— —_ = M1
(r—l) (7‘) (r—Dln—r+1)! * rli(n —r)!
n! 1 1
_l’_ =
(r—Dn—r)!\n—-—r+1 r
B n! r+n—r+1\ ([@a+l) (a+l A
T r=-Dn-rN\rtn—7+1) /) rlln—r+1) r
(2)
1_ (1 1 .
(a+2) = 0 a+ ) x =a+x = Hj is true. B1
: : k kY k K\ ko1 k\ e
Assume Hy, is true, i.e. (a+ 2)" = 0)° + 1)e T+ " N B1
r
Multiplying by (a + ), the coefficient of a*~"*lz" is: < A 1> + (k) = M1
G T
k+1
< j: ) = Hgq is true.
Hence H,, is true for all positive integers. Al
(4)
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q7

9231/11, 9231/12 e May/June 2017 o Question 2

T Back to contents

Mark scheme.

Let P, be the proposition that 5" + 3 is divisible by 4; 5° + 3 = 4 = P, is true B1

(allow Py) (Some explanation of what Py being true means)

Assume that Py is true for some non-negative integer k. (or e.g. 5% + 3 = 4a B1

for 2nd B1)

58+1 4 3 = 5(4a — 3) + 3 (Alt method: Use f(k+1) — f(k) M1 A1) M1

= 20a—12 = 4(5a—3) (or shows that 55+ +3 = 5.5¥+.5.3—-4.3 = 5(5¥+3) —4.3) Al

Py is true and Py = Pj11, hence P, is true for all non-negative integers n. Al
Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q8

9231/13 @ May/June 2017 e Question 3

T Back to contents

Mark scheme.

21

Whenn=1 1xIln2=In2=1In (F) = (H; is true) B1
k
1 k+ 1]%
Assume, for some positive integer k, that Z rln <T + ) =1In (M) B1
ot r k!
k+1 k
r+1\ (k+1) k+2
Hence rz:;rln< . )_IH<T)+(k+1)ln<k—+1) B1
3 E+1
:ln(k—i—l) (k+2) M1
Kl(k + 1)k+1

(k+ 1%k +2)F  (k+2)

=1 = Al

DGR (kt 1)
Thus Hy = Hy.1 and hence by PMI H,, is true for all positive integers. Al
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q9

9231/11, 9231/12, 9231/13 @ October/November 2017 o Question 3

T Back to contents

Mark scheme.

il (z"*Inz) = 4 L. 1 +(n+1a"lnz | = M1A1
gl il g %
P (z"+ (n+ 1)z" Inx) AG
(2)
: a 1 1
Assume Hy, is true = ﬂ(x Inz)=Fkl<Inz+1+ 5 +...+ z (Statement B1
x
of Hy, seen)
dk+1 i dk ) "
) (2" Inz) :@(az + [k + 1]2* Inz) M1
1 1
:k!+[k+1]k!{1n$+1+§+...+g} Al
1
(k+1).{1nx+1—|—2—|—...+k+1}:>Hk+11strue Al
Check H; is true and Hy, is true = Hy; is true; hence, by PMI, H,, is true for Al
all positive integers n.
(5)
Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q10

9231/11, 9231/12 e May/June 2018 o Question 2

T Back to contents

Mark scheme.

We have that f(1) =9 is divisible by 9. B1
Assume that f(k) is divisible by 9. B1
Fk+1) + f(k) = 23043 4 gk 4 23 4 gh—1 — M1
23.23% 4+ 8.8F~1 1 2% 1 8F~1 OF Al
=9 (2% +8*1) OE so f(k+ 1) is divisible by 9. Al
So if f(k) is divisible by 9, so is f(k + 1), (and f(1) is divisible by 9), f(n) is Al

divisible by 9 for every integer n > 1

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q11

9231/13 @ May/June 2018 e Question 9

T Back to contents

Mark scheme.

5 T
= un:4(4> +3 B1

5
Letn—lthen4<4>+3—8:>P1 true.

Assume P, is true for some k. Then B1
1 5"
Ukt = 1 5(4 1 + 3| — 3| = correct step M1
5\ P
=41 - 3 Al
G -
So Py = Pgy1. Therefore, by induction, P, is true for all positive integers. Al
(5)
5\" 52 W& X
(up, — 3)z™ = 42" <4) =4 <4) sor = (4) M1
— 5T 4
So series is convergent for —1 < T <1l= 5 <z < 5 Al
(2)
N N 5 n
Zln(un —-3) = Zln (4 <4) ) M1
n=1 n=1

N

N
5
—<ln4>;n—l—;ln4
— N BN N o\n
3 a\ — N _
Alt method: " In(u, — 3) = lnH4<4> = In4 H<4> = NlIn4 + M1

n=1 1
5\ 2"
lrl (4)

1 5 1
= SN(N+1)In -+ Nn4 Usenz:ln SNV +1). M1
:N21n\25—|—]\71n(2\/5):a:\£5,b:2\/50e Al

Alt method: Writes series as an AP M1, uses summation formula M1 Correct answer Al

(3)

Total: 10

Instagram: @vectorspacepk 13 Website: www.vectorspace.pk
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9231/11, 9231/13 e October/November 2018 o Question 3

T Back to contents

Mark scheme.

u; < 3 (given) (States base case.) B1
Assume that up <3  (States inductive hypothesis.) B1
dup + 9 —ui + 3
Then 3 — =3 = >0= <3 M1A1
o hiss up +4 up, +4 o5l
Hence, by induction, u, < 3 for all n > 1. (States conclusion.) B1

(5)

duy, +9 —u +9 .
Uptl — Uy = ﬁ — Uy, = ﬁ (Considers w11 — up,.) Mi1A1
So up < 3= Upt1 —up >0.  (Uses u, < 3) B1

(3)

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 15
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Q13

9231/12 e October/November 2018 o Question 6

T Back to contents

Mark scheme.

Yy = ey 4 ye® = &® ((é)u + (})u(l)) = Hj is true  (Shows base case using M1A1
product rule)

Assume that Hy : y®) = ¢ ((S)u + (lf)u(l) qFooodF (’:)u(” qFcoogF (Z)u(k)> B1
(States inductive hypothesis.)

Then y*+1) = ¢* ((g)u T (]f)u(l) qPoeogr (f)u(r) qFocasr (z)u(k)) +  (Differen- M1
tiates using product rule)

o ((ig)u(l) + (Mu® 4 BulD 4y (Z)u(’f“)) M1A1

=e” ((lg)u + ... ((k) + ( k )) u” 4. .. (llz)u(’“’l)) (Shows application of (f) + (Tfl) =

("))

=e” ((kgl)u o (P (zﬁ)u(kH)) (Shows reasoning for first and B1
last term correctly)
So Hj implies Hy1q so, by induction, H, is true for all n > 1. (States Al
conclusion.)
(8)
Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q14

9231/11, 9231/12 e May/June 2019 e Question 8

T Back to contents

Mark scheme.

T _
1= z so true when n = 1. B1
z p——
2 —1
Assume that 1-|—z-|—...-|—z”“_1:—1 B1
z —
13 15 13 F+1
—1 —1 —1 —1
Thenl—l—z—l—...—l—zk_l—l—zk:z —i—zk:Z + 2z ):Z , M1A1
z—1 z—1 z—1
so true when n =k + 1
Hy — Hj.1. Hence, by induction, true for all positive integers. Al
(5)
= -1
Si m_
ince |z|<1,Zz ] B1
m=0
o0 (o) _1
22_msinm9=1m sz =Im | 5 —— Mi1A1
scosf +issinf — 1
- (%cos@ —1- i% sin@)
Im | 5 5 T M1
7c08%6 —cosf + 1+ 7 sin” 6
T 3
=sin6 2sin 6
52 _ sin Al
7 — cosf 5—4cosf

(5)

Total: 10

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q15

9231/13 @ May/June 2019 e Question 1

T Back to contents

Mark scheme.

33 — 1 = 26 is divisible by 13 B1
Assume that 3%% — 1 is divisible by 13 for some positive integer k B1
Then 3343 — 1 =333%% — 1 =26.3% + 33" —1 M1
is divisible by 13 Al
Hj, = Hj.i. By induction, 3" — 1 is divisible by 13 for every positive integer Al
n.

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 18 Website: www.vectorspace.pk
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9231/11, 9231/12, 9231/13 e October/November 2019 e Question 2

T Back to contents

Mark scheme.

dy  a 0!'al

= = (—1)9——— 50 true fo =1. M1A1
dr  ax+1 (-1) (ax + 1)! e torn
Proves base case.

d* k—1)a*
Assume that d_:vz = (—1)’“_1% for some positive integer k. B1
States inductive hypothesis.
dF 1y w1 (k—1)la” k! aF+l
Then W = —ka(—l) W = (— m so true fOI' n = MlA]_
k+ 1.
Differentiates k™ derivative.
By induction, true for every positive integer n. Al
States conclusion.
Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 19
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Q17

9231/13 @ May/June 2020 e Question 2

T Back to contents

Mark scheme.

u=1=21-1 B1
Assume that it is true for n = k, so u = 2F — 1. B1
Then ugy =2(2% —1) +1 =211 M1A1
So, it is also true for n = k + 1. Hence, by induction, true for all positive Al
integers.

(5)
1 (1) (2 +1
Un _ _ &'+ _on g M1A1
w271 (2" 1)

(2)

Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q18

9231/11, 9231/13 e October/November 2020 o Question 5

T Back to contents

Mark scheme.

d

d—(:csinx) =zcosz +sinz = (—1)%zcosz + (2(1) — 1)sinz) B1
x
Checks base case using product rule.
QZF—T

Assume true for n = k, so W(x sinz) = (=1)¥ Y (zcosx + (2k — 1) sinx) B1
States inductive hypothesis.

2%
Then m(x sinz) = (—1)*"1(—zsinz + 2k cos ) M1A1

Differentiates once. Must have correct LHS for Al.

d2k+1

dz2k+1 (zsinz) = (—1)*1(—z cosz — sinz — 2ksin ) MI1A1
a5

= (=1)*(zcosz + (2k + 1) sin )

Differentiates again.

So, it is also true for n = k + 1. Hence, by induction, true for all positive Al
integers.

States conclusion.

Total: 7

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q19

9231/12 e October/November 2020 o Question 2

T Back to contents

Mark scheme.

72 — 1 = 48 is divisible by 12. B1

Checks base case.

72k

Assume that — 1 is divisible by 12 for some positive integer k. B1

States inductive hypothesis.

Then 725t2 — 1 =49.72k — 1 =48 .72k 4 72k _ 1 M1

Or (72642 — 1) — (7?k — 1) = 48 . 7%

Separates 72F — 1.

72k+2 _ 1 is divisible by 12. A1l

So if is true for n = k (could be written earlier) it is also true for n = k + 1. Al
Hence, by induction, true for every positive integer n.

Depends on previous M1 and Al.

Total: 5

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q20

9231/11, 9231/12 e May/June 2021 o Question 1

T Back to contents

Mark scheme.

24 + 31 — 2 = 45 is divisible by 15 B1
Assume that 24 + 31% — 2 is divisible by 15 for some positive integer k. B1
Then 24+4 4+ 315+1 — 2 = (15 + 1)2% + (30 + 1)31% — 2 M1 A1l
is divisible by 15 because 15 x 24* + 30 x 31* is divisible by 15. Al
Hence, by induction, true for every positive integer n. Al

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q21

9231/13 @ May/June 2021 e Question 3

T Back to contents

Mark scheme.

5x 14 +12=1(2)%(2+1) [= 6] so Hy is true. B1
Assume that zk: (5r* + %) = 1k (k +1)*(2k + 1) for some k. (States inductive B1
hypothesis inglzulding the algebraic form. If says for ALL k, then BO.)

kf (5r* +1?) = Lk*(k + 1)2(2k + 1) + 5(k + 1)* + (k + 1) M1
=1

2(k:+1)2 (2k3 + k? +10(k + 1)* + 2) (Take out the factor of (k+1)* OR expands M1

the summation expression and the target expression for k + 1 and collects like
terms for both.)

2(k+1)2(2k3+11k2 420k +12) = 1(k+1)?(k+2)?(2k+3) (Factorises or having Al
expanded, checks explicitly. At least one intermediate step seen following the
award of M1 before reaching the answer.)

So Hjy1 is true. By induction, H,, is true for all positive integers n. (States Al
conclusion. Implication must be clearly expressed.)

(6)

5 n1r4+én(n+1)(2n+l) =in’(n+1)*(2n + 1) M1
[5] ir4 =in(n+1)2n+1)(3n(n+1) — 1) M1
nl rt = &n(n+1)(2n + 1)(3n> + 3n — 1) (CAO) Al
(3)

Total: 9

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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Q22

9231/11, 9231/13 e October/November 2021 o Question 3

T Back to contents

Mark scheme.

as =23 leading to Inas = 3In2 so true when n = 2. B1

Checks base case. Must be n = 2 and exact.

Assume that Inag, > 35"11n2. B1

States inductive hypothesis.

1
Inagy; =31In (ak+—> > 3lnay M1
ag

Applies result given in part (a).

>3k In2 M1A1

Applies inductive hypothesis and writes in required form.

So true when n = k + 1. By induction, true for all integers n > 2. Al

States conclusion, all previous marks must be gained.

(6)

1
31n <an+—)—lnan>2lnan M1

G

Applies results given in parts (a) and (b).

>2x3"11n2=3""1ln4 Al

AG

(2)

Total: 8

Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 25 Website: www.vectorspace.pk



oY Further Math with Ali Hashir Proof by Induction — Mark Scheme

Q23

9231/12 e October/November 2021 o Question 2

T Back to contents

Mark scheme.

d
d_y = are®™ 4 ™ = (ax + 1)e® so true when n = 1. M1A1
x
Differentiates once using the product rule.
dFy
Assume that Tk = (aka: -+ kak_l) e, B1
7

States inductive hypothesis.

dk—l—ly
dgk+1

= a(afz + kab~1) e + €% (aF) = (a*™ + (k + 1)a”) e M1A1

Differentiates kth derivative.

So true when n = k + 1. By induction, true for all positive integers n. Al

States conclusion.

Total: 6

Spotted a mistake? Email us at vectorspacepk@gmail.com.
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9231/11, 9231/12 e May/June 2022 o Question 3
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Mark scheme.

uy > 4 (given) B1
Assume that up > 4 for some positive integer k. B1
2 12 2 _7 12
Thenuk+1_4zm_4:w M1
2uy, 2uy,
-3 —4
Upay — 4 — (up — 3)(up — 4) >0 Al
2uy,
Hence, by induction, u,, > 4 for all positive integers n. Al

(5)

—u2 + up + 12  —(un —4)(un +3)
22Uy, 2uy,

Up4+1 — Un =

M1 A1l

So Up >4 = upy1 —up <0

Al

(3)
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Mark scheme.

72 + 97 — 50 = 96 is divisible by 48 B1
Assume that 72% + 97% — 50 is divisible by 48 for some positive integer k. B1
Then 72842 4+ 97F+1 50 = (48 + 1)7%* + (96 + 1)97% — 50 M1A1
is divisible by 48 because 48 x 72 4- 96 x 97* is divisible by 48. A1l
Hence, by induction, true for every positive integer n. Al
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Mark scheme.

d
L (zf(z)) = of'(z) + f(z) = «f'(z) + (2(1) — 1)i(z) B1
QZF—T
Assume true for n = k, so W(xf(x)) = zf'(z) + (2k — 1)f(x) B1
d2k
Then m(mf(w)) = zf(z) + 2kt (x) M1A1
qQZFFT
FpeTEsT (zf(z)) = af'(z) + f(z) + 2ki(z) M1A1
= zf'(x) + (2k + 1)f(z)
So, it is also true for n = k + 1. Hence, by induction, true for all positive Al

integers.
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Mark scheme.

6 0 2x3 0
2A = = so true when n = 1. B1
2 2 3—1 2
2x 3k 0
Assume that it is true for n = k, so 2A% = B1
k-1 2
2x3k 0} (3 0 2x 3k 0
Then 2AF+! = = M1A1
k-1 2)\1 1 3kl _34+2 2
So, it is also true for n = k + 1. Hence, by induction, true for all positive Al
integers.
(5)
3" 0
det A" = det =3" B1
fr -1 1
2 0
Or a multiple of A= = 2713—" seen.
1-3" 2x3"
1 0
A" =3" B1
$(1-3m) 3"
(2)
Total: 7
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Mark scheme.

5% + 32 — 33 = 124 is divisible by 31. B1
Assume that 5% + 32% — 33 is divisible by 31 for some positive integer k. B1
p3kt3 | gok+l _ 33 — (124 4+ 1)5%% 4 (31 + 1)32F — 33 M1A1
is divisible by 31 because 124 x 5% + 31 x 32* is divisible by 31. Al
Hence, by induction, true for every positive integer n. Al
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Mark scheme.

1-2 2 1—x)*
1= Rl = ( o) so Hj is true. B1
-z (A-x)?
k
1—(k+1 k k k+1
Assume that Zm“_l = (D il . B1
(1-=)?
r=1
k+1 k k+1
1—-(k+1 k
> rat = (bt D) tka™? (k+1)2F M1
=il (1 — I)2
1— (k+1)a® + ka1 + (k + 1)2%(1 — 22 + 27)
M1
(1—=)?
1+ ket + (k+ 1)a"(—20 +27)  1— (k+2)a" + (k4 1)a"? A~
(1—=)? _ (1—=2)?
So Hy1 is true. By induction, H,, is true for all positive integers n. Al
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Mark scheme.

d

e (z%e*) = 2%e” 4 2ze® = (2* + 2z)e” so true when n = 1. M1A1
dF

Assume that P (2%e*) = (2* + 2kz + k(k — 1)) e [for some value of k. B1
dk—i—l
) (z%e”) = (2® + 2kz + k(k — 1)) e + €"(2z + 2k) M1
(224 2(k+ 1)z + k(k+1)) e” Al
So true when n = k + 1. By induction, true for all positive integers n. Al
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Mark scheme.

6* + 38 — 2 = 1332 is divisible by 74. B1

Checks base case.

Assume that 6% + 38* — 2 is divisible by 74 for some positive integer k. B1

States inductive hypothesis.

Then 644 + 3851 — 2 = (1295 + 1) x 6% 4+ (37 + 1) x 38~ — 2 M1 A1l

Separates 6% + 38% — 2 or considers difference.

Is divisible by 74 because 1295 x 6% 4 37 x 38" is divisible by 74. A1l
Hence, by induction, 6* + 38% — 2 is divisible by 74, is true for every positive Al
integer n.
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Spotted a mistake? Email us at vectorspacepk@gmail.com.

Instagram: @vectorspacepk 34 Website: www.vectorspace.pk



oY Further Math with Ali Hashir Proof by Induction — Mark Scheme

Q32

9231/12 e October/November 2024 o Question 1

T Back to contents

Mark scheme.

up=4=3"+1 B1
Assume that it is true for n = k, so u;, = 3% + 1. B1
Then upy1 =3(3% +1) —2=3*1+1 M1A1
[So, it is also true for n = k + 1]. Hence, by induction, u, = 3" + 1 for all Al

positive integers.
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Mark scheme.

=
et &) = 1 so true when n = 1. B1
dx 1+ 2
d* _

Assume that TF (tan~'z) = Py(x) (1 + 2?) k, where deg P (z) = k — 1. B1

d*1(tan=!z) _k k1

— (P/(2) (1+ a2) — 2kaPys(x)) (14 22) """ so deg Py (2) = k A1

So true when n = k + 1. By induction, true for all positive integers n. Al
Total: 6
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Mark scheme.

uy=5=6-1 B1

Shows base case.

Assume that it is true for n = k, so u; = 6* — 1. B1

States inductive hypothesis.

Then ug, 1 = 6(6F — 1) +5 =61 — 1. M1A1

Substitutes into recursion formula.

So, it is also true for n = k + 1. Hence, by induction, u, = 6™ — 1 is true for all Al
positive integers.

States conclusion.

(5)
2n_1 n_ 1 n 1
Ugm _ 6 _ (6 )(6" + ):6n+1 M1A1
Up, 6" —1 6" —1

Uses (a) and difference of two squares.

(2)
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Mark scheme.

2025 4+ 47 — 2 = 2070 = 45 x 46 is divisible by 46. B1

Checks base case.

Assume that 2025F + 47 — 2 is divisible by 46 for some positive integer k. B1

States inductive hypothesis.

Then 2025%+1 + 4751 — 2 = (2024 + 1)2025% + (46 + 1)47% — 2 M1A1

Separates 2025 + 475 — 2 or considers difference.

is divisible by 46 because 2024 x 2025% + 46 x 47 = 46(44 x 2025%) + 46 x 47* Al
is divisible by 46

Shows that it is divisible by 46.

Hence, [by induction], true for every positive integer n. Al

Must reference the statement to be proven.

(6)

Total: 6
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Mark scheme.

d

d—(x cost) = cosx — xsinz = (—1)} (xsinz — (2(1) — 1) cos x) B1
x
Checks base case using product rule.
qZF—T

Assume true for n = k, so W(x cosx) = (—1)* (zsinz — (2k — 1) cos x) B1
States inductive hypothesis.

2k
Then m(x cosx) = (—1)* (z cos x 4 2k sin ) M1A1
Differentiates once.
Q2T
W(m cos x) = (=1)* (—zsinz + cosx + 2k cos ) = M1A1

(—1)F*! (zsinz — (2k 4 1) cos z)

Differentiates again.

2n—1

So, it is also true for n = k + 1. Hence, [by induction], (xcoszx) = Al

. : . dg2n-1
(=)™ (zsinz — (2n — 1) cosx) is true for all positive integers.

States conclusion.
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Mark scheme.

uyp < 5 (given) B1
States base case.
Assume that ug < 5 for some positive integer k. B1
States inductive hypothesis.
6 5 5 10 — 6ug — 5
Then 5 — ugy1 =5 — e = e Uk M1
up + 2 up + 2
Considers 5 — ug11, puts over common denominator.
E
=2"% 5. Al
ug + 2
Hence, by induction, u, < 5 for all positive integers n. Al

(5)

6u, + 5 6un+5—u‘fl—2un —ufl+4un+5
e = 2 T = = M1A1
ntl = Un Up + 2 " Up, + 2 Up, + 2
R 2
Considers u,4+1 — Uy Or Uses 5 — Uy = un.
Up, + 2
5 —up)(l+u
:( uz)-(l-Q n).Soun<5:>un+1—un>O Al
Uses u, < 5.

(3)
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Mark scheme.

6\ 6 1 6
LHS=(-)] ==, RHS=1+-=— B1
(5) B + 5 5
Checks base case.
6\" 1
Assume that (5) > 1+ gk‘ for some positive integer k. B1

States inductive hypothesis.

Then | - > () (1+ =k M1

Moving to the next term and using the inductive hypothesis.

6 6 __6 1 I
= — — k> — —k = —_
st ek > et k=14 2(k+1) Al

Convincing algebra to reach the required form.

6\" 1
Hence, by induction, (5) >1+ gn is true for every positive integer n. Al

Must follow M1 Al.
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